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SECOND EDITION. 



It is far more creditable to the public than to us, that b 
Second Edition of our Geometry has been so soon called 
for. Encouragement given to those who labour in facili- 
tating the road to knowledge is but an involuntary effect 
of proporiifinal ardour in those who pursue it. To pro- 
mote the dissemination of mathematical reasoning:, or rather 
a taste for mathematical reasoning, amongst the several 
classes of society, was the object of our publication, and 
litis object appears to have been fully attained. Nothing 
shall be wanting on our part lo keep alive the spirit of 
inquiry, and to cherish it on to greater things than it now 
dares contemplate even in imagination. This we can speak 
of as yet but darkly; the reader may be assured, however, 
that if he, with the moderate exertion of patience and in- 
dustry which we require, is content to ascend through (lie 
scale of works prepared for him, he will reach a height a» 
much beyond his present conceptions as his present abilities. 

We have been still more gratified by private commnni- 
cstions on the subject of our Work than by the public 
patronage of it, inasmuch as they denote that personal in- 
terest in the study which we were solicitous to create. It 
would be impossible and unnecessary for us to answer 



individually the numerous letters with which we have been 
favoured; but we beg leave to return our sincerest thanks 
to all our correspondents, the suggestions and wishes of 
whom we have complied with in our Second Edition, 
as far ais it was practicable or advisable. We can truly 
declare, that in editing the present Series of Works, we 
have much more regard for the public good than our own 
mathematical reputation. Suggestions and objections were 
therefore, and will always be, acceptable; we feel no re- 
luctance whatever to surrender our own opinion and pre- 
ferences, if we can thereby accommodate our Treatises to 
the wants and wishes of those for whom they are compiled. 
It is in the power of few to become illustrious, but of 
every one to become useful; we are certainly not of the 
former class, but hope we may be of the latter. 

The present edition of our Geometry has been carefully 
revised, and one or two oversights in the preceding cor- 
rected. Some of our Correspondents, habituated proba- 
bly to the older system, complain of our having omitted 
the Axioms. To satisfy these, we subjoin each as it occurs, 
in a foot-note. 

Upon the Doctrine of Ratio a fuller explanatory note is 
given; demonstrating its adequacy as well as simplicity. 
We did not give this explanation in our First Edition from 
an unwillingness to perplex a beginner, and lengthen our 
book with what then appeared needless. We thought that 
our readers would have been content with the general 
insight afforded them upon this subject, but are happy to 
find ourselves mistaken. 

In order to render pur work complete we have prefixed 
a table of Contents, which it will be often sufficient to 
consult when a reference is given, instead of examining the 
text itself for the Article or Definition specified. 

The arrangement of the present Edition is in nowise 



different from the first, e:tcept that we have substitnted a 
more serviceuHe element for one wbich is of little iiae in 
our syatem (Art. Ih, lat Ed.) This enables us also to 
.simplify the demonstration of Art. i'O, &c. Of the sup- 
pressed element, which is the objectionable one in Euclid, 
those who desire it raay see, in the sectipn gf Usefnl Re- 
sults, a complete demonstration from our principles, that 
given in our first Edition being insufficient. It was sug- 
gested that the proofs of certain very obvious propositions 
(such as Arts. 33, 34, Pakt I., Arts. 48, 49, Part II., 
&c.) were unnecessary. In order to shorten and simpliiy 
our Elements we have merely preserved the enunciations 
of these Articles in the text, transferring the proof)/ to 
the Notes, which may be consulted by the render. 

An Author's satisfaction in hia own work is not always a 
just criterion of the applause it will gain with the public. 
Our satistiiction in those Treatises we now publish will, it 
is confessed, mainly depend on the approbation of our 
readers, inasmuch as the real merit of such books is pro- 
portionate to their utility. We should have as little 
reason for seif-congratulation in having written a scienti- 
fical treatise (however admirable) which was not read, as 
au artist in constructing a patent machine which was not 
handled: the present edition of our Geometry will, we 
hope, secure ns to the continuance of public favour, this 
being the only solid proof of our having deserved it. 



The striclures upon Euclid in our Preface and Notes are, 
principally, as every scientific reader will be aware, those 
of able matheraatielans, not our own. Whenever we found 
a necessity to deviate from that admirable work, we thought 
it but a due mark of respect to give our reasons for so doing. 
This motive should nut be miscuniliued. 




PREFACE. 



The neceasily for a work, somewhat on the plan of the 
present, ie the best excuse for an imperfect one, and the 
best recommenilalion of agrood one. There is a Geometry 
(if it may be so called) for children, and a Geometry for 
professed mathematicians ; but there is no Geometry for 
the public at lurge. We have nothing between Pinnock 
and Euclid. A Geometry as far beyond the one as behind 
the other, ie the greatest desideratum in the world of lite- 
Knowledge, as it exists now in the public mind, and as 
it tends to exist hereafter, requires such a work ; in order 
to render that which is already gained more satisfactory, 
and that which is to be gained more accessible, than either 
can be without the aid of Geometry. This is the founda- 
tion of all scientific knowledge, as the study of it is the 
surest step to all Advancement in Learning of the philo- 
sophical kind. Without geometry may be obtained infor- 
mation of facts, or knowledg-e i?/ rote, which is the sort 
now chiefly extant among us: But it is only by means of 
geometry that a scientifical knoviiedge of things can be 
acquired, in which we are now generally deficient. 

A popular work upon almost every science has appeared: 
it is the design of the present to furnish a System of Geo- 
metry in like manner adapted for public use. There are 
three classes of persons for whom it is eapeciaily if not 
solely intended : Youth at public and private Schools ; Per- 
•ons whose education has been neglected ; Artists and 
Mechanics. To the first it will be an introduction to Eu- 
clid ; to the second, a private and easy coarse of ElemeaU.1^ 



.Mathematics; to the third, a Manus] containing all the 
g^eometrical principlee on which the knowledge and practict; 
of their several Arts are foanded. We could point out a 
fourth class for whom our system of Geometry is peculiarly 
adapted : hut custom, and illiberal prepossession against the 
ability of Ladies for studies of this nature, will probably 
everprei^enC their deriving any advantage from a Science, 
whose very object is to strengthen the understanding. 

As to the first class : It is well known by those who have 
the instruction of Youth, that the elements of Euclid is a 
work by much too large and difficult to constitute a proper 
school-book. Ere opened, its size begets fear, and when 
opened its abstruseness engenders disgust. Instead of ren- 
dering the priooiples of Geometry as familiar ae possible, it 
renders them as abstract ; not from an affectation of mys- 
tery, but from an anxieiy for refinement. However desi- 
rable this may be in a philosophic point of view, it is highly 
inconvenient for the purposes of instruction. Beautiful as 
is the temple of Science, it lies su remote and inaccessible, 
that we must smooth and shorten the path to it, if we ex- 
pect young and wavering dispositions to attempt the jour- 
ney. The first object, therefore, of our Treatise is, to sup- 
ply an Introduction to Euclid, for the use of Schools, 
whereby Youth may be gradually familiarised wjlh the 
notions of Geometry, and after learning half the Elements 
with ease in our volume, those who are destined to the 
University may learn the whole of them without difficulty 
in larger ones. The labours of acquirement, and instmc- 
tion, will be thus respectively and equally diminished. 

As to the second class: Many persons whose edumtion 
has been, from want of time, inclination, or resources, neg- 
lected, in after years have the will and power to remove 
their deliciency. It is too late with such to begin the schO' 
lastic course of education, but the more limited and private 
one, furnished by scientific yet popular Compendiums, is 



witliin their ability. Likewise, there ie a number of per- 
sons whose education, thongh &r frooi hsTing' been neg- 
lected, wns not of such a kind as the extraordinary ad- 
vancement of knowledge, within the lust few years, demands 
from those of tiieir age or condition. If they have any ac- 
:e with the Sciences, it in superficial and altogether 
iting truths which they meet 



with in their daily reading a 
agreeable literary pursuits ai 
class of persons, also 
would be invaluable. 



intelligible I 
e shut against them. To this 
s of works like those described 
i the key to all 
the Arts and Sciences, a popular treatise upon it is indis- 
pensable to those who would acquire the letter. That such 
a work should follow, instead of precede, the elementary 
treatises which have been published on Astronomy, &c. 
will not appear surprising when the abstract nature of the 
Science is considered. Our second object, therefore, is to 
furnish a SuliHitute for Euclid, from which persons whose 
education has been neglected, or restricted, may obtain as 
much geometrical knowledge as is sufficient, but not super- 
fluous, in their circumstances. 

As to the third class : Iteasons similar to the above ren- 
der Simson's Euclid (the only edition used in this country) 
totally unGt for the Artist or Mechanic, independent of its 
high price. Vet for no class of persona is the knowledge of 
Geometry more requisite. Every mechanical profession 
involves some principle of Geometry, and according as th^ 
Science is well understood so will be the profession, eeleru 
paribus. Every mechanical invention and improvement is - 
founded on a principle of Geometry, and according as the 
Science is ready to the mind, so will be the inventions. 
It is true that professions have succeeded and inventions 
originated with tliose who were ignorant of Geometry; but 
this happened not because of their ignorance, bnt in spile 
of it> Where theory can direct praotiw, and practice surest 




to theory, there h the whole man brought to bear; and 
what neither could do separately, both will do conjoiatly. 
Education has spread too far among tbis most useful and 
respectable class of people to leave our assertion either 
unintelligible or doubtful. It is therefore our final object 
to publish for their use a Cvmpenditim of Euclid, brief to 
suit their time, easy to suit their apprehensions, and cheap 
to suit their purses. 

To accomplish this threefold object, the same course is 
sufficient. First, the principles of the Science must be 
rendered as &miliar, and brought as near to our commonest 
ideas as possible. For this purpose we have omitted all 
technical terms which could be dispensed with ; we have 
given popular illastrations of some things which were 
abstract ; and we have simplified many doctrines which 
were perplexed. 

The next step should be to render the demonstrations of 
propositions as plain for the mind, and as brief for the 
memory, as possible. For this purpose we have made several 
alterations : Instead of notes of reference, which distract 
ihe mind, we have introduced the Articles themselves 
referred to; instead of accumulating many theorems under 
one head, as is frequently done in Euclid, we have separated 
and proved them distinctly. Where the proofs in Euclid 
appeared dlflicult, unsatisfactory, or prolix*, we have 
substituted easier, clearer, and shorter ones ; and introduced 
other improvements of which the old methods were evi- 
dently susceptible. 

Our last endeavour should be to reduce the Elements of 
Geometry, not only to their simplest, but to their shortest 
form. This was with us a principal object : conceiving it 
as unwise, as it is unphiloEOphical, to introduce as Elements 
of the Science propositions which are not such ; thereby 
oppressing the reader's mind and memory with superfluous 

* A) in PaoMUTiom 5, S9, 26, Book 1., &c. 
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matters, and destroyiDg the uniformity of the aystem by 
a capricious intermixture of principies 
this last and best purpose we have excluded from the text, 
1st. All such propositions as are not, rightly speaking — 
Elements of the Science ; 3d. All such propositions as are 
unnecessary to the general reader of the Arts and Sciences. 
Id many instaoces, likewise, we have contrived to dispense 
with auxiliary propositions, which are merely such, and 
hare no farther influence*. Finally, instead of demon- 
strating general theorems from their particular 
after tbemt, our system has enabled u 
immediately from the former, as is c 
and most simple. 

In order to promote the joint o1 
likewise made the following arrangement : 

Propositions are of two kinds. Theorems and Problems. 
A Theorem asserts that such a result will take place on 
such a condition; as, that — "if a triangle have two eqnal 
legs, it will also have two equal angles." A problem 
requirel something to be done; such as — " to describe an 
equal-sided triangle on a given finite straight line.'' Some 
writers contend that the latter class of propositions are un- 
necessary, as in demonstrating it is only requisite that the 
thing should he supposed done, and that it is not requisite 
to do it actually. But, independent of the practical use of 
Problems, their exclusion from theory is dangerous, if not 
disallowable, for this reason; That we might, in such 
event, often assume that as practicable which was not so, 
and thus ground our demonstrations on a false premise. By 
doing a Problem actually, we prove that it can be done ; 
nor i« there any other method of being sure that we may 
suppose it in a demonstration. But as there are no pro- 

• Such u Phop. Tth, Boos 1. Tbis, iihicb ii aUrd in Euclid x 
PrDpoiUi«n, ii in (rulh onl; m Lemma. 

+ Ai ii ilDns by Euclid, Book I. Pkop. IG, 17, 32, tu. 




bleroE in our Elements of Geometry but euch as are mani- 
festly practicable — Buch as dividing a line or angle into two 
equal parts, — they are omitted in the text for the sake of 
brevily, but preserved in the page for the sake of accuracy. 
A doable line separates the problems from the tbeoremg: 
and they are so arranged that every problem assumed in 
a theorem precerles that theorem, while every theorem on 
which a problem depends precedes that problem. So that 
both theorems and problems may be read together as in 
Euclid, or each series will form a Bludy by itself. 

Tiie limited nature of our work allows us to diBpense 
with many Definitions, Axioms, &c., which are necessary 
in larger treatises. With respect to thosB Definitions and 
Aifioras which we do make use of, we have preferred intro- 
ducing- them into our text and demonstrations, according 
as they are wanted; instead of loading the memory and 
revolting the taste with a number of barren tniigms, before 
their utility is perceivable. Besides, the latter, formed as 
they are by rather a painful process of abstraction, will he 
much more easily acknowledged by the reader in the par- 
ticular cases where they occur, than in the general form of 
independent propositions. 

Having described the general features of our publication, 
we have yet to explain some particular ones. Those who 
have read the Elements which go under the name of Euclid, 
are aware that his Doctrine of Parallels, as it now stands, 
is unintelligible to most readers, and unsatisfactory to all. 
Some change was ahsolnteiy necessary to be made in it, if 
we would adapt our treatise for general comprehension. 
So long ae Euclid's* doctrine of parallels forms, at least in 
its present state, the groun'lwork of the Science, Geometry 



• Hi.!.).,. 


mp;u.B ceru 


a (bat the Ele 


m>:nl 


by Euclid. M 


-J Butbor. 


•ecm 10 hn<c 


1.1 ji 


i.«niu«Io«r 


UH) Euclid 


f errar» Utrib 


labl 


H UK lbs mm 


e of EucUd for b«viij. 






can never be made a popular study. Wben Bnch a n 
gtrous assumptioD as the Xllth Axiom continues to stand 
in the very threshold of elementary methematics, it will for 
ever repel common understandings, and forever confine the 
study to those wh'o have genius or perseverance ranch greater 
than ordinary. The philosopher or the professed scholar 
may he incited or oldiged to overleap this broken step in 
bis advance to knowledge ; hut it will he an eternal stop to 
the general reader, who, unless he finds the way plain, ha» 
no such motive to undertake it as the regular student. In 
our endeavour to render this doctrine more simple and con- 
clusive, or at least more palatable, we bare discovered a 
method which seems lo attain, not only these objects, but 
anolber scarcely less important, namely, abbreviation. By 
our method of parallels, several propositions are demon- 
strable in a much shorter way than by the other; severe) 
abortions of propositions (as the 16tb and I7th, B. I. 
Euclid, for instance) are avoided; several indirect proofs 
replaced by direct ones. The facility aiforded by our doc- 
trine of parallels to contract the length of our proofs and 
the size of our whoie work, is sufficient to make ns adop 
it, were it even, in point of strictness and intelligibility, no 
less objectionahle than that in common use. We cannot 
belp but flatter ourselves, however, that we have provided 
at least, for the general reader, a method of parallels, 
which by its simplicity, clearness, and salisfactoriness, will 
encourage hira in the pursuit of Mathematical Science, 
instead of deterring him from it. 

It is as far from our wish as it is from our ability to de- 
preciate the Elements of ^uclid; this work alone has been 
of more signal use to the world than all its other uninspired 
writings put together. That it has such great excellency 
is however no proof that it is without fault; that it is so . 

good a book is no proof that it mi^-ht not ha made a better. 
In one point, that which we have just TaewKon^, "ftia 
Doctrine of Parallels) it is confeeae&Y^ u&^tWx.. To^'^^ ji 




is another respect in which il is obTiously capable of n 
lioration: its arrangemeDt. It appears singular enough that 
a work whose professed object is to exhibit a model of irre- 
fragable demonstrative reasoning' in union with the most 
perfect systematical arrangement, so as to be rather an 
object of envy than of emulation with other s 
should be erroneous at its very o 
defective in arrangement. But to say this is no more than 
to repeat a very ancient discovery, — that every thing- human 
is imperfect. We should endeavour to fortify the Elements 
of EucUd where it is vutuerable, and to rectify it where it 
is out of rule, without dwelling on its iaults, beyond what 
is proper and Jast, for the sake of displaying our own 
microscopic sagacity. 

Geometry has a twofold use: to enlarge the knowledge 
and to improve the reason. Nor is it easy to say in which 
province it is most beneficial. If on the one hand it 
ministers to the practical comforts of life, by its influence 
over the various arts by which they are procured, on the 
other band it elevates us higher in the scale of rational 
beings, and thus serves to enhance our intellectual plea- 
sures. The latter is perhaps the nobler object, and there- 
fore should be most sedulously promoted. It is howeverin 
this that the Elements of Euclid, though better calculated 
than any other book to advance both purposes, is chiefly 
defective; not, we repeat, that it does not do much, but 
that it does not do more, which it might be made to do 
easily. The reason is to be improved thus : by exercising 
the mind in strict demonstration, and in syatematic demon- 
stration. By the one it is preserved from fallacy, by the 
other from irregularity. Reasoning has two perfections; 
for there is a beauty as well as a strength of reasoning, and 
both should units that the reasoning should be consummate. 
We obtain strength by strict demonstration, beauty by sys- 
tematic demonstration. 



If therefore the Elements of Euclid be so well adapted to 
improve the mind in both these nays, and if this capacity 
be one of its chief merits, it follows that the more this apti- 
tude is promoted, thia capacity augmented, the better for 
Human Reason. The principle of strict and systematic 
demonstration adopted in that work is the beat ever devised 
by man to exait himself as a rational being; why therefore 
ia it not to be pushed as far as it can go ? To have invented 
thia admirable system was the glory of the Ancients; to 
have left it unimproved is the shame of the Moderns. Pre- 
judice in &vour of the Elements of Euclid has blinded us to 
its defects, while our very admiration of it should have in- 
cited u8 to render it still more worthy of that feeling*. In 
the unpretending little Treatise we now offer to the public, 
it cannot be our design to attempt perfection at ing the Ele- 
ments of Euclid; we leave that to abler heads and more 
ambitious hearts. Our work is in truth no more than the 
elements of the Elements of Euclid. But as far as it 
extends into that celebrated production, it endeavours to 
accomplish the above object; namely, to preserve inviolate 
strictness of demonstration in each proposition, and sys- 
tematic demonstration in the whole series. This, which is 
commonly thought to be the essential principle of Euchd's 
work, is by no means there always carried into practice. 

With regard to strictness of demonstration we have 
already adverted to Euclid's doctrine of Parallels, and our 
substitution of one which will perhaps be allowed as sufB- 
ciently clear and satisfactory. Of certain propositions 
loosely demonstrated by Euclid, bis coadjutors, or com- 
mentators, we have given legitimate proofs; and supplied 
other propositions unaccountably omitted in the Elements. 
These changes comprise all which our treatise professes to 

• TliiB vu llic efTcct nhich Newtok'b udmlRtiaD for Andcnt Oeomelrr 
bid upon Ma niiiid : be iuipiovsi! ihcii Method of Exhautliont inlo bti 
nwa Stel/ivd itf Fliuions. 




mplished in the way of rendering- the eleraenli 
\ Geometry more strict and conclusive. More has been done ] 
KWith respect to systematic demonstration, or arrangement 
Kpf demonstrations. The arrangement of Euclid's work in 
■ fiot always gooii, and is often much the contrary. Amongst 
bother examples, in Book I., the 32d proposition offends 
I against the rules of syslemfttic demonstration, by beinf 
' inserted unnecessarily and unnaturally between two sets of 
propositions about parallelism. BnoK III. transgresses the - 
same rule in the same way, but more inexcusably: there 
are first four propositious concerning the circle and straight 
line, then two about meeting- circles, then three more about 
the circle and straight line again, then four more about 
meeting circles agiiin, and still again more about the circle 
and straight line! Thus, without the smallest necessity 
the chain of demonstration is broken Jour times in a few 
pages. Sucb an arrangement looks more like a wilful trans- 
gression of system than a gross neglect of it. In Book VI. 
the propositions seem for the most part lo be arranged by 
no fixed rule whatever, except that vague one of riot, placing 
the consequent before the antecedent. But in the Elements 
of Euclid there is likewise another species of offence com- 
niitted against the rule of systematic demonstration ; not 
only are the propositions ill-arranged, hat they are often 
altogether superfluoua. Now it is the beauty as well al 
the use of such a work, to be neither deficient nor redun- 
dant. From a solid foundation it should ascend step by 
step, each being the support of the following, till the lait 
be gained. Every deviation from unity and simplicity of 
design is no less an error than a blemish. By a neglect of 
this rule the very best Geometries now extant are ren- 
dered perplexed and impure. In the present elementary 
work it has been our chief object to preserve the second 
rule of syatematic demonstration ; namely, to exclude everf 
prapagitioa which ts not absolutely necessary, either as % 



progressive step, or a Soul one. By tbU 

to have attained all tlie Kymmetrical regulsrify and chaste- 

n€SB of (letnoiistration which tliis Science should present tn 

But as there are many propositions introduced hy Euclid 
or his CO in men tutors, which although irrelevant to his sub- 
ject, are nevertbele^H of consiJerablc use in the Arte and 
Sciences, we have annexed to our work a section in which 
all 8uch theoi-ems and problems are contained, bo that no 
reference to any other treatise may be necussary. 

In this manner have we compiled a brief Sy6tem of Geo- 
metry fur popular use. It contains all of the Science which 
yfor the general reader, and nothing more. With 
a of it alone he may attain a clear and com- 
petent knowledge of all the mathematical and physical 
bninchea of learning, in their elementary principles, their 
most useful truths, and most interesting results. For the 
want of such a little work as this, the unscholastic reader 
is completely shut out from a knowledge of those sublime 
and beautiful truths scattered over the sciences, from the 
magnificent wondera of Astronomy, the elee>nt details of 
Optics, and the ingenious discoveries of Mechanical Phi- 
losophy. These and other studies, far more enlertaining^, 
not to speak of their instnictivenesa, than the must fanciful 
V open ( 



cultivate his reason ut the 
curiosily. 

We have hut a few obser 
is divided into three Part) 
with the first Book of Euclid 
positions are retrenched, some necessary ones supplied, the 
arrangement of alt systematically regulated, and the Doc- 
trine of Parallels explained on somewhat different principles. 
Part II. contains all the propositions of Book II. and III. 
of Euclid which will be found aecess&r^. \xiV\i\%'^^'>^^ 
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Part I. is nearly identical 




doctrine of the Circle precedes instead of foUowiog; (as it 
does in Euclid) the doctrine of rectangles, which latter is 
rather the more difficult of comprehension. There is no 
good reason for the existing arrangement of those Books in 
Euclid, the last three propositioiiB of Book III. which 
depend on Book II., being not elements, but results of ele- 
ments, and therefore supernumerarj'. On the contrary, 
that Book which is made the third in Euclid is more ele- 
mentary, and more used in elementary science, than that 
which is made the second. Also, by annexing the doctrine 
of the Circle to that of the Triangle, the Artist, the Me- 
chanic, and the practical man will have, in that portion alone 
ofthe wor k, all that he will perhaps desire to know of the 
Science. Part III. comprises as much of the Doctrine of 
Proportion as is necessary and suEGcient for the general 
reader to know: by a knowledge of this Part, the sciences 
of Algebra, Trigonometry, and Astronomy, &c. are to be 
approached and understood with as much ease as satisfac- 
tion. At the end of Part 111. is placed the Section of 
Theorems and Problems, which were excluded from the 
text for their irrelevancy, but which are collected here for 
their utility. 

Thus are all the useful principles and propositions of 
Euclid collected in a small, unexpensive volume ; the obscure 
departments of the science made intelligible to commoD 
understandings 1 and the elements of Geometry so arranged 
as to unite systematic regularity with rigorous exactness 
of demonstration. The whole is divided into Lessons, 
each of which may be mastered in a few hours, and all in 
a few weeks, by a diligent exertion of moderate abilities. 

A ComfarativeTablb, xbowing what Propositions of 
Euclid correspond with our Articles, is annexed, for thfl 

reader's convenience. 




GsOM£TRY is anlike every other study in this, that it 
contains no one section, paragraph, or sentence, more im- 
portant than another. It follons ftata this, that to com- 
prehend it perfectly, every section and paragraph, as far 
as the stndent proceeds,— and every sentence therein, — 
miut be read, understood, and remembered. It may per- 
haps be said of Geometry that the more time we spend on 
it at first, the more shall we save at last. If the reader be 
careful to pass over nothing which he does not apprehend, 
and to forget nothing which he has apprehended, his ad- 
vance, although slow at first, will he always sure, and 
swift at last. On the contrary, if he proceeds too fast in 
the beginning, it will be long before he reaches the end. 
Both these consequences arise from the nature of the 
Science; in it, each paragraph depends on a preceding 
one, and therefore will be wholly unintelligible, unless the 
other be not only understood hnt remembered. The first 
direction therefore that the reader should observe is: to 
read every paragraph until he undentandi it fully, and to 
repeat it until he remembers the substance accurately. 

The second direction is: after having mastered every 
Arxicle as given in the treatise, to attempt it mthout 
the book. First, let the student draw a figure for himself, 
like to that in the hook, both as to position, shape, size, and 
letters; and let him apply off-book the demonstration, 
which he has studied, to his own figure, until he can prove 
the Article as it was proved in the work. Secondly, let 
him draw figures which vary in all the particulars of posi- 
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tion, ehape, size, and letters from that in the book, a 
much as is possible under the conditions of the Article; 
and let him apply off-book the demonstration to these 
separately, until he has f^kmiliarised btmseir completely 
not only with the demonstrations, but with tbe prmdple 
of the demonstration. 

Tbe abore directions regard the stndent in general; 
there are others which respect the particular classes fin 
whom our work is designed, vix. 

Tbe principal text of the work contains DefimilwKi, 
Articles, and Observations. Those who wish to under- 
stand the theory alone of g-eoraetry — to arrive at those 
geometrical truths, merely, which are necessary for th» 
other Sciences — will confine themselves to this part, 

A short series of Problems, which eomprise the prac- 
tical part of tbe work, is divided by a double line from the 
preceding part. Those whose views are directed solely 
practice, and who wish to acquire the geometrical elements 
of it, will read this series (leaving out the demonstmtions). 
Previously, however, they must read the few introductory 
pages 1, 3, 3, down to Article 1, exclusive. 

Both Series must be read by those who desire to obtain a 
knowledge of Geometry as well theoretical as practicaL 
For such, an asterisk is placed, wherever a Problem, i 
Problems, are necessary to be read, — referring to the seriea 
at the bottom of the page. 




HerisiTioK I. A rwtilinesl (or rigbl lined) Anglt ii Itat which i) 
farmsd bj two lighl lino meeting at the mne point, but not Ijing in the 
ume right line, 2. 

Dir. II. Figures are bounded porliona of space, 3. 

DxT, III. A plane figure is a plnne autface bounded by one or more 

D«». IV. A plane rtcUUneal figuni ia a plane snrilice bounded bj righl 
line), ibid. 

Dir. V. A rectilineal triangle ii a plane figuta bounded bj three right 
linei. ibid. 

Diir. VI. If one right line, standing upon another, make tfao adjacent 
anglei equal to one nnother, Gucli uf thcaa angles t> called a HjrA/ angle, 
and the right line which standi upon the other is called a perjindicalar 
to it, 12. 

Dsr. VII. An angle greater than a right angle is called an obtitie 
ugle; and an angle leas th^u a right angle is called an acute angle, 13. 

Tta. VIII. If two right lines cut each other so as to form four anglei, 
each (ippotile pur are called VeTtKally opposiie anglei, 16. 

Dir. IX. Two right lines ore mid Id be* equally distant from one 
another when any two paints wliatsoeter in tlie odd not the greater, and 
any two equally remote points in the other, being taken, the right line) 
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X. Parallel right lines 

Def. XL A parallelogram is a four.uded rectiliaeol figure, 
of vhoae opposite udes an parallel, 23. 

DuF. Xil. Taking any udo of a triangle aa baao, tlie pcrptndicular from 
the vertei to tha hiM (produced if EBcessuyjii cilled the jfllituiie of tbe 
liUDgle. Also, taking any side ef a pacallclogram us baee, tbc perpendicular 
from any point in the opposite ude, on tbe base (produced if neceiaary), h 
aHlai the AlHUule of the paraUelograai, S.^. 

Def. XIII. A tqtiare is a parallclogmm nhose two sdjn 
equal, ind any of whose angles i« a right angle, 28. 

Dw. XIV. A CiTcle is a plane flgure bounded by one line, such, thM 
bU right lines drawn from it In one sod the sauiD^oint are equal I 
odier, 41. 

DtF. XV. In a circle the bonnding line is cJled the Circarafe 
tod the point lo which the equal lines are drawn fruin tbe circumfbreniw 
ii DiUed the Centre, ibid. 

DuF. XTI. Any right line terminated both w&ys in a drcle is called 
Chord of the circle, or of iho arr-h it cuts off, ibid. 

DiF. XVn. A right lino which 
terminated in both, is called a Secai 

D«r. XTIII. A right line drawn from iho centre of a tirole ai 
miiuited in the drcumference, is called a Hadiue, ibid. 

Dsr. XIX. A right line drawn throngh the centre of a circle ai 
Dlinatcd both ways in the circumference, ii called a Diameier, ibid. 

DcF. XX A right line which, however produced, meets a circle 
one point, is called s Tangent to that drcle, 4S. 

DiF. XXI. Right lines are said to be eguallg distant from the 
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PttOB. Xm. A segment of a circle being given, to describe the cii 
which it is the segment, 5i. 

PaoB. XIV. To diiride ngiven arch of a circle into two equal parts, 63. 
:u finite right line into any number it 



P«oB. XV, To divii 



rta, 75, 

'PnoB. XVI. To divide a right tine into two parU which shall have tb* 
latne ratio as tbo two puts of a given divided line, SI. 

Pbob. XTII. Tocnt off from a given right line a part which shall hamA 
t certain given ratio to the whole line, ibid. 
PnoB. XVIII. To find a fourth proportional to three given Gcite Udn, 



PnoB. XIX. To find ■ third proper 



onal ti 



inile right 




of B ditle when tbe porpendknlare d 

Dthtr when tbc perpcudii^ular on ihc funner is gniati^r thun [Imt og Ihv 
Ultt r, 47. 

Det. XXII. If from > paint ouUids a circle two tangents be dmwh 
to tbe cinle, end tbe pointl of coutiot bo joined b; s lighl line, that part 
of tbe ditumfennce lying wilbin the triungla tboa formed is called tbe 
CoRBBx, and that part of Iho ciicunifcrenee lying vithout this triangle h 
called the Concave part of the circiiniterence, nilh reejiecl la the givi-n 

Ditr. XXIII. A reciilincal figure is laid to be inscribedia a circle 
when tbe verdcH of all iu angln are situated in tbe einiutnfereQce of that 
circle. 53. 

Dkf. XXIV. If >iiy gBametrical flguro or magnitude be divided into 
two or Bore parts, IheK pai-ts are called Segment!, .'i-l. 

Dcr. XXV. When an angle bu it« vertex in an arch of s circle, and 
ila aidea terminated in the eitremiiicB of that irch, tbia angle is called tbe 
Aitgltiaa legment of the circle, 65. 

Dm». XXVI. The ■egmenti into which b oircle » divided by ita din- 
meler are railed Stmicirela, 66. 

Dir. XXVII. When one circle meeta another is two point!, It il uid 
to «tit it, 58. 

Dkp. XXVIII. Circlet vhich meet in but one pinnt are nid lo Umeh 
cub other, 59. 

Det. XXiX. The p4rint wbere Ino anln touch ii called the point <if 
emiaet, ibid. 

Dar. XXX. Equal circles are those which, if applied centre to centre, 
would entctly coincide with each other, 60. 

Dir. XXXI. A Rectangle is a right-angled paralleli^nui, 64. 

Dir. XXXIT. When dne magnitude eiactly equals another magni- 
tude added to ilaelf aa integnl number of limes, the greater magnitoda 
ia called a Miitliplg of the lesser; nnd the lesser a Submuttiple of the 

D»r. XXXIII. When two muliiplea contain Ibeit reipeclive snbuinl- 
liples exactly an e^al number of times, they ore called EjuLmulliplea. 
And when two subniuliiples are Fnntuned in their respective multiples 
BBiMljm equal numlier of times thej are called £)Ui.»u4m«/Wp(es, ibid. 



Pmw. XXI, Given three fiuiie lines, of which Bi 
than the third, lu conslroct a triangle of which tbe at 
lively equal lu the given lines, S6. 

Piioi. XXIt. To 6n<! a square eqnal to the sum of 

Pmt. XXni. To find a iquaie equal to the diffcn 
98. 

Pub. XXIV. To draw a tangent at any given poi 
rsDceofa circle, 106. 

PnoB. XXV. To divide a 
which shall have the same rat 
dMded right line, I IS, 

Pmb. XXVI. To make a 




DBF. XXXIT. Saiio ie ths i 

ID kind to each other, wilh re 

Der. XXXV. Two quartiiici 
)tber as two oilier quantities liavE. when ever7 siibmulliple of the flnl 
ntaioed in the second Ihe e»nie inlcgml nuniher of tinie> lh»t 
ultiple oFthelhirdfjnantityisconUiinedin the fourth, 74. 

Det. XXXVI. When d certain part of one magnitude hi> the Bii»> 
lain part of another magnitude, aa a second part of IhU other 
Das to a second part of the Brat, — the proportion lubsistiog belweea tbCM 
four parts is called, for brevity's aake, reciprecat proportion, 77. 

DiF. XXXVII. When two paraUelograms have an angle in Ote ana 
equal to nn uigle in the other, they arc called egnLangalar paisllelo. 
grains, ibid. 

D*r. XXXVIII. If there be a teries of mngnitudes of the rame kind, 
in which the I st Iiaa to tlie Sd the aame ratio as the Zd hu to the 3d; 
nnd the 2d hue to the 3d the same ratio dg the 3d has to the 4th ; and the 
3d hai to the 4lh the same ratio ai the 4t)i has to the Sth ; and so on— 

Def. XXXIX. When thn^e ToagniLUEies are proportionals, the first b 
mid to have to the third a mtio duplicate of that which it has Id the 
second, 91. 

Dsf. Xli, If throngh a given point in the diagonal of a paiallelogram 
tHD right' lines be dniwn parallel reepeetively to two adjacent aides of tli« 
pantUelogmm, so as to make four pamllelogninii, — then, those 1«d through 
which the diagonal runs are called patalttlograma about Ihe diagonal, 
and the ntuiinLDg two are called complemenl* of the parallelagruna 
about the diDgonal, 100. 

AiioH 1 . Two right lines cannot completclj' cncloBC a space, 4. 

Ai. 2. Magnitudes which coincide exactl; with each other are aqua], S. 

Ax. 3. Things which are equal to the same thing are equal to each 
other, 6. 

Ax. i. If from equal things we lake avay equal things, ro^eetirelj, 
Ihe reia^nden will be equal, ibid. 

Ax. S. The whole is greater than its pari, 9. 

Ai. 6. If to equal thinga vie add equal things, respectively, the whole* 
villbeeijual, 11. 

Ax. 7. The halves of equal things are equal, 24. 

Ai. B. The doublet of equal things are equal, -iG. 

Ax. 9. If from unequal thii^ we Cake equal lhiug^ the rcmainden are 
unequal, 49. 



sidoa of these triangles are also equal, 3. 

Abt. 2. In »uch triangles as abore descrihed, thqse ai 
which are opposite to equal sides, are reapcctivel) equal. 

Art. 3. Uurh triangles as above described are equal, u 
each other, ihid. 




>{ ils logics equal, hna alio its Eldri 
oppoaite the cquLl an^lea equal, 9. 

Art. 6. If tben be two (riangloa vhich fasTe all tlie sides of the one 
Mjnal, reipoctively, to all tbe lidoa of tbe other, — theo the ajigle«, whieli 
in tbeie trinnglei are oppoaite to equal lidoi, are olio equal, ibid. 

Art. 7. Such trioDgleB as are described in tbe precediug Article an 
equal. In every respect, to each other, 11. 

Art. B. All right angles are equal, 13. 

Art. 9. When a right line meeting another right line makes apglei 
with It, these angles are ti^ther equal to two right angles, 15. 

Art. id. When tna right Ihtes meet another U the aame point, bul 
at different sides, nod make angles with it which are together equal to two 
right angles, those right lines arc in one continued right line, Ibid. 

' ' ^ ^'' ' vo right linea intersect one ancther, the veriieuiTy oppodtt 



angles 



, equal, 16. 
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Art. 13. If a right line intersect tno parallel right lines, it makes tljc 
two internal angles on the same ude of the iotersecling line together equiil 
to two right angles, 19. 

Art. U. Ifaright line intersect two parallel right lines, it roakeg each 
fitemal angle cqiml to the fiirther internal angle on the same ude of the 
intetieetJng line, ibid. 

Art. is. If B right line intersect two right lines, and make the 

parallel, 16. 

Abt. IR. IfarighllinBinlertcct two right linos, and make the eilcmal 
angle eqnal la the (aniier internal angle at the same side of the intersecting 
line, IheH two latter right lines are pamllel, SO. 

Art. it. If i right line intersect two right lines, and make the tno 
internal angles at the some tide of the intersecting line Ingether equal to 
lira right angles, these two Utter right linos are Darallel, ibid. 

Art. la. If a riglit line inlersMl two parallel right lines, and another 
right line be drawn parallel to the inlerKStor fron) toy point in either of 
the parallels, it will meet the other, if produced sufficiently; and its 
length between the parallels will be equal to the length of '.he inlersector 
iMlwcon the parallels, ibid. 

Art. 19. Right lines which join the adjacent eitremilies of two equal 
and pamllel lines are themselves equal and paiallel, 22. 

Abt. 20. The oppoute sides of a poraltelngmm are equal, ibid. 

Akt. 21. The oppoaite angles of a pavallclograin are eqnal, 23. 

AftT. 22. A paralleLigram ib dirided into two eqnal parts by its diagonal, 
iUd. 



Art. 23. Parallelogmms on 
parallels, an equal, ibid. 

Art. 2*. Parallelograms on 
ate equal, 24. 

Art, 26. Triangles up"n the 
w« equal, ibid. 
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Art. 26. Triangles upon equal bases and between the sane |»anllcls 
are equal, ibid. 

Art. 27. Equal triangles upon the same base, and upon the same side 
of it, are between the same parallels, 25. 

Art. 26. Parallelograms which have equal bases and equ^ altitudes are 
equal, 26. 

Art. 29. Triangles which have equal bases and equal altitudes, are 
equal, ibid. 

Akt. 30.. Equal triangles on equal bases have equal altitude^ 27. 

Art. 31. If a parallelogram and a triangle be upon the same base, and 
between the same parallels, the parallelogram is double of the triangle, 
ibid. 

Art. 32. All the sides of a square are equal, and all its angles right 
angles, 28. 

Art. 33. Squares described upon equal right lines are equal, ibid. 

Art. 34. If two squares be equal, their sides are equal, 29. 

Art. 35. If any side of a triangle be produced, the external angle is 
equal to the two farther internal angles taken together, ibid. 

Art. 36. The external angle of any triangle is greater than either of 
the two farther internal angles, ibid. 

^RT. 37* The three internal angles of any triangle taken together are 
equal to two right angles, ibid. 

Art. 38. Any two angles of a triangle are together less than two right 
angles ; and if any angle of a triangle be obtuse or right, the other two are 
acute : also, if two angles of a triangle be equal, they are both acute, ibid. 

Art. 39. If two triangles have two angles in the one equal respectively 
to two angles in the other, the third angle of the one is also equal to the 
third angle of the other, 30. 

Art. 40. The four internal angles of any four-sided rectilineal figure, 
taken together, are equal to four right angles, ibid. 

Art. 41. In any triangle, if one side be greater than another, the angle 
opposite to that greater side is greater than the angle opposite to the lesser, 
ibid. 

Art. 42. In any triangle, if one angle be greater than another, the side 
opposite to that greater side is greater than the side opposite to the lesser, 
ibid. 

Art. 43. Any two sides of a triangle are together greater than the third 
side, 31. 

Art. 44. If two triangles have two sides of the one equal respectively 
to two sides of the other, but the angle contained by each pair of these 
sides unequal — the base of that triangle whose given sides contain the 
greater angle is greater than the base of the other triangle, ibid. 

Art. 45. If two triangles have two sides of the one equal respectively 
to two sides of the other, but their bases unequal,— the vertical angle of 
that triangle which has the greater base is greater than the vertical angle 
of the other triangle, 32. 

Art. 46. If two triangles have two angles of the one equal respectively 
to two angles of the other, and a side of the one triangle equal to a cor- 
responding side of the other — these triangles are in every respect equal to 
each other, ibid. 

Art. 47. In any right-angled triangle the square described on the side 



oppaiita ihe right angle it equal to ih« sqium deicribed on the »iliM 
taining tho right HagU, tnken tDg;etlier, 33. 

Art. 48. The centre of a circle fiills within the cireumrrrence, 41 

Abt. 49. A circle cDDnot hive more th&n one centre, ibid. 

AnT. 50. A righllido perpendicular to aeliordlhrough its middle 
vrill piu, if produced, Ihtough the ceotre of the circle, 43. 

Akt. St. Id b circle, a right line from the centre porpeudiciilor 
chord divides it into two equal parte, 43. 

AitT. 6'i. In a circle, a right tine, ihroi^b (he centre dividing a 
vhich doofl not past through the centre into equal parts, is perpendici: 
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Atti. fi4. If a right lino meet n circle in Itt 
between the points lies nbolly within, and thosi 
the point! lie whotlj' -without Ihe circle, 44. 

Art. 55. In a i^rcle, a perpendicular to a diameter, al its extremity, 
moett the circle in hut one point, ibid. 

Akt. SB. If a right ttne be a tangent to a circle, the radiita drawn to tliv 
point of eentwt ia perpendicular to the IBn^nt, 45. 

Art. 57. If a right line be a tangent to a cirelc, the perpendicular m 
it at the point of contact will, if produced suScieatl}, pau through tbu 
centre, 46, 

Art. 5S. The diameter of a ciix:le it the grcateit chord which can be 
drawn in it, iUd. 

Abt. 39. Chords equillji distant from the cenlre of a circle Me eijual, 
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Art. (il. In a circle the chord «hich is nearer to the centre is gieaier 
Iban that vhich is farther off, 48. 

Abt. 62. From noy poiut which is not the centre of a circle, the 
gtVBteBl right line that can be drawn to the drrumCerence is that which 
actually pastes through the erntre, ibid. 

AsT. 63. From any point nliieii ia not the cenlro of a circle, the least 
right lice that can be diawn to the circumference is that which does not. 
but which wonld. If produced, pass Ihrongh the centre, 49. 

^RT. 64. If from any point not Ihe centre of a circle two right lines hr 






which make with the right line i 
■aglet opening towards the santK 
i* greater thin the other, 50. 
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Akt. 67. If \ 
Iho convex pari of Ihe cir 

thmogli ibe cenire unequal snglfc, ihjl which mikes Ihe 
l«s than the other, S2. 

Aut. 6B. More th&n two eqiul right Hnei cuinot be drawn to the eir- 
cumrerenre of 1:1. circle from any ons point hat the centre, ibid. 

Aht. 69. The opporite angles of a fiiur-Mdecl redilineul figuw inscribed 
in a circle iib logelber equal to two right ongleB, 53. 

Aar. 70. The unglee in the same segment of a circle nro equal, 55. 



Abt. 71. The angle in the s( 
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Abt. 72. The angle 

Art. 73. The angle i 
a right angle, ibid. 

Art. 7*. The angle in a segment lea 
t right angle, ibid. 

Art. 75. If a tangent and a chord ol 
point, tliB angle between them is equal I 
ment, 57. 

Anr. 7fl. If two differcnl circle, me 
the K.IUD centre, 5B. 

Art. 77. One circle cannot mcctano' 

Art. TS. If one circle meet anoihei 
former will be wholli within and the 






than a eemicircle i 



» of the 



thullf »-ithDut the latter 



^en finite right line poiB through the ume pfflnt on that finite line, Ibej' 
meet in that paint, but in no other, ibid. 

Art, bo. If two drclee touch, theright line joining thecentns, if pro- 
duced, will pasi through the point of contact, R9, 

Art. St. Equal circles have equal diameters, 60. 

Akt. 62. tn equal circles equal cbcrdi cat off equal arches, ibid. 

AsT. G3. In equal citclei equal nrchn hate equal bates, ibid. 

Art, 64. In equal circles, equal angles, whether thef be at the eeatrea 
01 Ihe circnmlereneeB, stand upon equal arches, S I . 

Art. 85. In equal circles, the angles which stand upon equal arches are 
equal, whether they be at the centres or the circumferences, <i-2. 

Art. m. These latter four ftrticlot, it is etideni, ^ true for the wma 
drcle as well as equal ones, 63. 

Art. 87. In a ciicle parallel chords intercept equal arches, ibid. 

and iiol intersec Ling, are pa^lel» 64. 

Akt, 89. If Ihero be two right line), one of which is diiided ialo nuj 
number of parts, the rectangle under the two Knes is equal to the sum of 
Iho reclaiiglei under the undivided lino and the several parts of the divided 
line, 65. 

Art. 90. If 11 rijiht line be divided into any Iwo parts, Ihe square of 
the whole line is equal to the snm of the raclaiiglcs under the whole line 
and each of the parts, ibid. 






T. 91. Ifn right line be di<i 
■ lo linf ■ ■ ■ 



, eqaal t, 



3 parts, the rectangle 



together with tho rectnnglo aniler thn parts th^^mseWes, ( 

AnT. 93. If B right Una be dmded into any two pirts, UieHiuare of the 
whole line is equal to the eura of the squsrea of the puts together iviih 
twice the rectangle under the parta. ibid. 

Art. 93. The squire of a right line it equal to four times the eqiiBTe ef 
i» half, 67. 

Art. 94. PBrallelDgrams which have equal sltitudee, have to each othei 
the Hime ratlg at their baavs, 75. 

AaT. 96. Parallelogmme which have equal baaes, have to each other the 



ir altitu 



i, 76. 






Akt. 96. Two equal parallelogrami, which an i 
the tidea about iheit equal aoglo reciprDcill]' propo 

Art. 97. Two equi.aBgular pftmllelugmmg which nare tneir sides aixtut 
. their equal angles reciprocally proportional lie equal, 78. 

Ab.t. 98. Equal parallelognuus hare their bases and altitudes reci- 
procally proportional, ibid. 

Art. 93. Pamllelogtiiins wliicli hsye their bises and alUludes leoi- 
proNlly proportiDtia] are equal, 79. 

Art. 104. If four right lines be proportionala, the rectangle under the 

Art. 101, If there ha four riglit Hues, and the rectangle under any 
two of them equal to tile rectangle under the remaining nues, these right 
linee ue funr proportion ols, ibid. 

Abt. 102. If three riglil linos he proportionals, the rectangie under 
the eitremet is c<inal to the square of the mean, SO, 

Art. 103. If there lie three tight linos, and the rectangle under any 
two of them equal to the square of the thini, ihesi: three right lines aru 

Art. 104. Tijatlgles which hare equal altitudes are to each other as 
th«rhaBeI,UI. 

Art. 106. Triangles which have equal bases are to each other aa their 
altitudes, ibid. 

Art. IU6. Equal triangles which have also an angle in the one equal 
to in angle In the other, have the sdea about these equal angles recipro- 
cally proportianal, ibid. 

Art. 107. Two tiianglea which have an angle in one equal to an angle 
in the other, and have also the sides about these equal angles reciprocally 
prapaitiaml, an equal. 82. 

Art. 100. Equal triangles have their bases and iliiiudes reciprocally 



Art. 109, Triangles which have their bases and altitudes 
prapenional ue equal, ihid. 

Art. 110. If a right line be drawn parallel to any side o1 
and meeting the other aides, the BugtneDti of one of these rid 
tuna ratio aa the segtnenta of the ether, S3. 

Art. 111. If a right line meets the rides of a triangle. 



, triangle, 




XKXU 

riglit line iB parallel to the reraaiuing eiJ< of Iho tri- 
Mgle, S3. 

Abt. 112. If tlie angles of one triangle be respectively equal to Ibe 
anglefl of anothi^T, the three udea of one triangle have to the correspondinf 
udea of the othpr, respectively, the same ratio, ibid. 

Art. 113. If the three sides of anj triangle have respectively to the 
three rides of another the same [alio, the uglce of one triangle are re^ec- 
tively equal to the angle«of the other, 87. 

AiiT. lU. If two sidei of any IriangU have respectively to two sidn 
of another the sinie mtia, ami liicewise tlie angles contained hy eith paif 
of udes equal, — the other angles of the triangles will be also respoctiiclj 
equal, ibid. 

Abt. 115. If two triangles have an angle in the one equal to an angU 
in the other; and if the sidej coataining a second angle in tho formot 
have, respectively, the satne ratio to the tides containing a second loglf 
in the latter; and if likevise the third angles of the ttiangles are eithK, 
both acute or both obtuse, or both right; all the angles oflhese triangles 
am reapecUvely oqual to each other, SB. 

Akt. 116. Equi.angular parallelogranu have <o each other the ratio 
compounded of the ratios of the sides about the equal angles, 91. 

Abt. 117. Triangles which have an angle in the one equal to an sngls 
in tlie other, have to one another a ratio compouniled of the ratios of the 
sides about the eqnal angles, ibid. 



■T. 118 
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Every triangle 
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e sides 
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Where several 
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taken together are equal to four right ongles, ibid. 

Abt. 125. If soveral right lines intersect one another in tho 
all the angles taken together are equal to four rigiit nnglea, 96. 

Art. 126. A triangle which has two of its sides equal, if 
tides be produced, will liaTB the angles beneath tlie third si 

Art. 127. If two right lines be parallel to tho suae right line, thcj aio 
juinllel to one another, 9S. 

Art. 1211. If a right line intersect two right lines, and make the iro 
internal angles at the tame side of the intersecting lino together less than 
two right angles, these two latter right lines will meet if produced auf- 
Seiontly, 99. 



Akt. 129. If a parsllelogmo sod tnuigle be upon equal bsM* and 
Iwlween the BBmB paraUels, the parallelogram is doutle of the triangle, 100. 

Am. 130. If a paraUelogram and Iriaagla bo belBecJl the nme 
panllclt, and the base of tho triugte double the base af the panJltli^ram, 
then the parallelogram and triacglo are e>iual, ibid. 

AaT. 131. la n given parallelogram the complemoDla uf the paniUelo. 
gruui about the dia^nal an equal toeachothor, lOK 

Akt. 133. If the square ileicribeil upon one eide of a triangle be equal 
to Iho Bqunm described an the otlier aiiles of the triangle, taken together, 
the angle o|ipoBile to the Ural-mentioned ude is a light angle, ibid. 

A>T. 133. Two peqKsdicularB cannot be drawn From the aamo point 

ART. 134. If two right lines ba draim from the aaniB point to the same 
given right line, and if one of them be perpeodicnhir, the other not, the 
perpendicular trill fall at the aide of the acute angle, ibid. 

Abt. 136. Iftwo right linei bo drawn from the tame point to the aime 
right line, and if one uf thdm be perpendicular, the other iiol, the per- 



, ibid. 



e-third of t< 



Aht. 136. Each angle of ai 
right angles, 103. 

A>T. 137. In a right-angled triangle whoHS aides ahout the right angle 
are equal, the mnuning angles ate each equal to half a right angle, ibid. 

Aht. 133. If ftnm a point within a triangle right lines be drawn to the 
extremities of an; side, these are together lees than the ether two sides of 
ths triangle, but contain a greater angle, ibid. 

Abt. 139. In s triangle which has two equal sides, the right line 
dnwn from the vertes of the angle between Iliem, perpendicubr to the 
thtrd dds, dWides that angle, and also tho thiid sitle into two rqual parts, 
respecUloly, 104. 

Aht. 140. In a triangle which has two ct|ual sides, a right lino 
dividing the angle bctniED them into two equal parts, if drawn to the 
third tdde, will divide it into two equal parts, and slso be pcrpenilicular to 

AltT. 141. In a triangle which has two equal aldES, a right line dniwn 
from the vertex of the angle between them to the middle point of the 
third lido, divides the opposite angles inlo two equal parts, md is alto 
perpendicular io the third side, ibid. 

Abt. 142. In a circle, if two chords intersect, which are not both 
liiameion, they do not divide each other into equal parts, 105. 

Abt. 143. If from a point within » drcla there gan be drawn more than 
two equal right lines to the circumference, this point is the centre of the 
circle, ibid. 

Aht. 144. If a right line be drawn Eiom the poiht of conUct nearer the 
sentre than the Iniigeul, it cuts the circle, 100. 

Abt, 145. At the same point of the same circle hut une right line can 
br drawn touching tho circle, ibid. 

produced, the eileoisl angle thus formal u equal to the internal remote 
angle of the qusdrilatrral, Ibid. 

Abt, 147. The dilfurence between the squares of any two unequal 



Abt. H8. If a right line be equal] j divider!, and produced toanj ppiat, 
— then, the rectangle nnder Ihe whule line &nd tlie produced part, ie equal 
to the diiference between Ihe iqnnre of half tho arigrnal line, and Ihsiqum 
of the hue made up of that half a.nd the produced pait, ihid. 

Art. 1J9. If aright line be divided into two equal pirla, and into 
two unequal parts, the rectangle under the unequal pacts is equal to the 
diffbrencp between the square of half the lino, and the square of the in. 
lermediate part. 108. 

Art. ISO. If a right line be divided cquaUy and unequallj, the net. 
:langlo under Iho 



ualpsrt 



, ibid. 



151. If a right line be cut equally and nneqiiallj, the sum of 
the squarei of the uneqnal psj-ta is greater than the Bum of the iquarei 
of the equal parts^ — or, In other words, greater than twice the nqaare of 
half the hue, ihtdi * 

Akt. J 52. If two equal triangles have an angle in tho one which 
tagether with (he angle in the other is eqnal to two right angles, the udai 
■bout these angles are reciprocallj proportioned, 1 OS- 
Art. 163. If two triangles have an angle in the one which together with 
the angle in tho other is equal to two right angles, and if the sides about 
the given angles are recipromlly proportional, then iheeo two triangle! an 
eqilJ, ibid. 

Art. 154. If four right lines he proportionala, tho parallelogram 
1s equal to an equi-angular parallelograui under the 

.angle under tha 



, ibid. 



. 156. If two chords of a circle intersect, the rec 
segments of one is equal to the rectangle under the 
other. 110. 

Art. 156. If from a point without a circle a secant and a tangent be 
■irawn to the ciiele, the Bqnnre of tho tangent is equal to the roelaoglB 
under (he whole secant and its external part, ibid. 

Aut. 167. If from a point without a circle two right lines be drawn, 
one cutting the circle, the uther meeting it at any point, and if the rect- 
angle under tho whole eecont and its exterior iiart be equal to the square 
of the lino which meets the circle, — then, this line is a tangent, ibid. 

Art. 168. A right lino parallel to anj side of a triangle, and raecting 



\» then 






I of the other, HI. 



lehavo 



Ie divides c 



tho same ratio ai the segmcn 

Art. IS!). A tight hne cutting any two produccAsides of a triangle, so 
u to make the segments of the one proportiouBl to Ihe corresponding n^ 
menu of the other, is parallel to the third side, 1 1 2. 

Art. I(iO. If a right line parallel to anj aide of a f 
of the other sides equallj-, it will divide both eqiiallj-. 

Art. 161. Ifa right line divide two sides of a triangle equally, ii 
parallel to (he third, itud. 

Art. 163. If several right lines be drawn parallel to a side of : 
triangle, and meeting Ihe other sides, the segments of one of theae \\ 
have the same ratio as the corresnondinE sogmenta of the other, ibid. 



AnT- 163. A ri^ht line diT^ding an^ angle of a triangli] into two eqi 
pirtB, dividea the opposite aidei ioto n^uenLs irhicli Lave l!ie same ra 
ai Uieiidei which contain Iht divided angle, 113. 

Aki. 164. If a right line dtawn from any angle of a uiangle to i 
apposite ode divide that sido into pans, nhich liave iho snwe ratio 
the comBpODding eides abont the given angle, this angle is <lindcd ii 
two eqaal parts, 114. 

AaT. tG5. In a i^ght-angled triangle, a perpendicular dmwn from t 
vertei of the right angle to the oppoulo wde, isa mean proportinnal betw* 
the Mgmenti of this side, ibid. 

Art. 166. In such s triangle aa ahove described. Each side about i 
right angle is a mean proportional between the corresponding aeginent a 
the aide opposite the right aogle^ 1 15- 

AnT. 167. In such a triangle u above described, the three 'sides a 
the perpendicuUi ue propottionals, ibid. 

Art. 16B. In the s&tse drcle, the angles, whether at the centre 
circumference, have the same ratio to each other as the arches they ita 



Abt. 



I. In I 



any angler 



r right angles 



imference, ibid. 

Art. 170. In a wrics of four proportionBl right lioeg, the second is to 
theSrstssthefDurth to the third, 116. 

Art. 171. In a seriea offour proportional right lines, the first is to the 
third as the second to the fourth, ibid. 

Art. 172. In a series of four preporiional right lines, the sum of the 
Brat and second is to the second as the tum of the third and fonrth is to 
the fourth, ibid. 

Ari. 173. In a series of four proporlional right lines, the diHbrence 
between the first and second is to the second a> the difference belnoEo the 
third and fourth is to the fourth, 1 17. 

Art. 17^. In a ■erica of four proportional right lines, tfae first is to 
the sum of the first and second ai the third is to the sum of the third and 

Ari. 175. In a series of four proporlional right lines, the (irat is to the 
difierence between the first and the second ai the third i* to the differanca 
bclweon the third aod the fonrth, 118. 



POPULAR SYSTEM OF GEOMETRY. 



A Space may have length, breadth, and depth;, or length 
and breadth only ; or length alooe. Tbeee are called its 
dimensions. 

Solids arc tnagnitudes which have the f/iree dimensions 
of space: length, breadth, and depth. Thus a die, or any 
other magnitude having these three dimensions, is a solid. 

Surfaces are magnitudes which have bat tmo dimen- 
sions : length and breadth. Thus the Jiice of a die ia a 
surface ; having length and breadth, but not depth, — else 
it would be, not the ikce of the die, but part of the solid. 

Lines are magnitudes which have hut one dimension: 
length. Thus the edge of a die is a line ; having length, 
but not breadth, — else it would he, not the edge of the die. 
but part of a surface. 

A Eight Line is a line which is perfectly even or straight 
throughout its whole extent*. 

A Plane Surface is a surface which is perfectly even or 
jlal throughout its whole extent. 

A Mathematical Solid is a solid with its 'surface or sur- 
faces either plane, or, if not, perfectly smooth, throughout 
' the whole extent of each particular sur&ce. 



{Jeometry is that Science which treats of Right Lines, 
Plane Surfaces, and Muthemalical Solids, with regard to 
magnitude. 

Plane Geometry is that Science which treats of the 
Right Line and Circle. [See Note A.] 



new;, synoi 



* A right Udg nnd n alraiglil line 
but it la batter lo uh the former, wnicn ilwiiyi mumiei u perjcc. 
■iniight line, whilst the woid "itniighi" i« often applied in comoi 
tpcecli to lines which ai» Dot peifectl}' alnigltl, bat only neirlj ■ 



THE ELEMENTS OF GEOMETRY. 





PART I. 

Of Right Lines and Rectilineal Figures. 

Definition I. A rectilineal (or right-lined) Angle is 
that which is formed by two right lines meeting at the 
same point, but not lying in the same right line. 

Thus in the annexed 
plate, the right lines 
A B and A c which meet 
at the point a, but are 
not in the same right 
line, form a rectilineal 
angle. 

It is to be observed that by an angle is not meant the 
surface between the lines which form it ; for though we in- 
cr(»sed that surfJEu^e by producing 

the lines (to d and e, for instance), ^ ..- - . 

the angle will still remain the 

same in magnitude. By an angle 

in fact is meant the degree of 

increasing widths or separation^ 

between the lines which form it ; this depends, not upon 

the lengthy but upon the direction of the lines. 

The right lines (as ad, ae) which form an angle are 
usually called its sides or legs ; and the point (a) where 
they meet is called its vertex* In order to .^P^cify the 
vertex of an angle we place a letter at it, and |)^fcafy the 
letter : in order to specify the angle itself^ we place a letter 
at each side of it and another at the vertex ; and ^gj^oify 
the two former letters with the other 6e/it;eenthem*-TlnM, 
in the above plate, we specify the vertex by mentioining 
the letter a ; and we specify the angle itself l^ mentiomiig 
the letters bac or cab. • v ' * 




5 OF GEOMETRY. 

Def. II. Figures big bounded portions of 

Def. III. A plane figure is a 
pl&ne surface bounded by one or 



Dep. IV. A plane rectilineal 
figure is a plane surface bounded by 
righi linea. 

LESSON 1. 

Dep. V. A rectilineal triangle is a plane figure bounded 
by three right lines. 

It is eo called because the three tinea 
form with each other three angles. A B 

triangle is specified by mentioiuiig, in 
any order, three letters plaoed respec- 
tively at the vertices of its three angles. 
ThuB the above triangle is called tbe triangle abc. 

Ifwe conceive a triangle to stand upon any one of itsaides, 
that one is called the base of the triangle, and the other 
two are called its legs or sides. Also tbe angle opposite to 
the base is called the vertical angle; and I'tf vertex the 
vertex of the triangle. Thus, in the above figure, if we 
conceive the triangle to stand upon tbe side Ac, this side 
is called tbe base ; the angle at b is called the vertical angle ; 
and the point b the vertex of the triangle. [See Note B.] 

Article 1. If there be two triangles tekick have tiro 
sides of the one equal, respectively, to two sides of the other ; 
and li/eawiie the angles contained by those sides equal to 
out another : — then, the bases or third aides of these triangles 
are alio equal. 

Let ABC, DEF be two tri- 
angles, having the side : 
equal to the side Et), and t 
side BC equal to the side i 
also tbe angle abc equal to 

thy angle def. Then, al 

tha base Ac must be equal toA 
tbe boM DP. 



4 ELEMENTS OF GEOMETRY. 

Demonstration. Conceive the triangle abc so applied 
to the triangle def, that the point b may be on the point 
E, and the side ba upon the side ed ; moreover, that the 
side BC may lie towards the same hand as the side ef. 
Then, the point b falling on the point e. and the side ba 
on the side ed, the point a would necessarily fall on the 
point D, because the sides ba, ed are equal. Likewise, the 
side BC would fall upon the side ef, because the angles abc, 
DEF are equal in width. The point c would likewise Ml 
on the point f, because the point b falls on the point E, 
and the sides bc, ef are equal. Therefore, as it has been 
shewn that the points a and c would coincide with the 
points D and f respectively, the right lines AC and df 
would coincide exactly throughout their whole extent, 
else they would enclose a space between them, which two 
right lines cannot do, as is manifest *. Hence, inasmuch as 
AC and DF would coincide exactly, they must be exactly 
equal. This was the assertion of the present Article. 



PROBLEMS. 

Def. 1. An equilateral triangle is a triangle whose three sides 
are equal to each other. 

Observation, One extremity of a definite right line remaining 
fixed, if the line he made to revolve about this point, it is evident 
that the other extremity will trace out a line which is every where 
equally distant from the fixed point : and that if the line revoive 
progressively to its first direction, the line traced out will return 
into itself, so as totally to include a surface. 

Thus, if AB he the right line, a its fixed 
extremity, the line bcdb will he traced out 
by the progressive revolution of ab round the 
point A, through the points c, d, to its first 
direction ab. Also every point of this line 
bodb will be equally distant from a. 

Def. 2. A Circle is a plane figure bounded 
by one Ijne, such that all right lines drawn 
from it to one and the same point within the circle, are eqn^ to 
each other. • "^ ^ 




A xiom 1 . Two right line* oannot pompletely enehee m'smakm.* 
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Art, 2> In tuch triangles as above liesm'ibed, those 
anglea at the bases which are opposite to equal sides, are 
respectively equal. 

In the above figures the angles at A and □, opposite the 
equal sides bc and ef, are equal ; also the angles at c and 
F, opposite the equal sides ba, ed, are equal. 

Dem. In the preceding demonstration it was shown that 
the sides of the angle bac would coincide exactly with tht- 
sides of the angle edf ; also that the sides of the ang-le 
BCA would coincide exactly with the sides of tho angle efu. 
Hence, the angles bag, edf are necessarily equal ; and also 
the angles acA, efd*. This was the assertion, &c. 

Art. 3. Such triangles as above described are e<fual, in 
evevi) respect, to each other. 

For in the same dgouinatration it was shown that the 
three sides of (Mtf'flfn^le abc would coincide exactly 
wilh the three sides of the triangle dep. Hence these 
triangles must he in every respect equal*. This wus, &c> 
[See Note C] 



Dbf. 3. !n a circle, the bounding line is called the CiVeum- 
' Jerence, and the point from which it is every where equally 
distant is called the Centre of the circle. 

Pros. I. To deaerilie an equilateral trimigU on a giveajinite 
right line. 



Let AB be the given finite 
right line. V^ is required to 
dttcribe an equilateral tri- 
ansle upon It. 

CoNBTHUcmoN. With the 
poin t A aa a cen tre, and th e K n e 
AB as distance, describe the 
circle dbe. AIho, with the 
points as a centre and the line 




Draw the right lines 




ELEMENTS OF GEOMETRY. 



This theorem, which is made the fourth proposition in 
Euclid, should rigfhtly be the first, inasmuch as it is the 
foundation of Geometry, the corner-stone upon which the 
whole superstructure of geometrical science rests. Yet 
viewing" it without fear or prejudice, we see how nearly 



where these circles intersect. Then^ the triangle acb is equi- 
lateral. 

Demonstration. As dbe is a circle, of which a is the centre^ 
AC is equal to ab, by Def. 3 ; and as daf is a circle, of which b 
is the centre, bo is equal to ba^ by the same definition. Hence 
AC and BO, being botn equal to ab, are equal to each other, and 
the three sides of the triangle are equal *. This was what was 
required to be done by the present Article. 

Prob. II. From a given point to draw a right line equal to a 
given finite right line* 

Let A be the given point, and bc the given right line. It is 
required to draw from the point a a right line equal to bc. 

Cons. Draw the straight line ab 
from the given point to either extre- 
mity of the given line, and upon ab / 
describe the eqmlatersd triangle adb, ^/ 
by Pbob. I. With b as a centre and f 
Bc as distance describe the circle cef, 
and produce \:>b through the point b 
till it meets the circumference at e. 
With the point d as a centre, and the 
distance d£, describe the circle eoh, 
and produce da through the point a till it meets the <!ireiim- 
ference of this circle at i. Then the right line ai dn^n from 
the point a is equal bo. 

Dem. di and de are equal, because d is the centre of the 
circle eig, by Def. 3 ; therefore, taking away from euh the 
equal sides da and db, ai remains equal to be \. Bat as b ii tiie 
centre of the circle ecf, be is equal to bc. Hence ai it equal to 

BC J. This, &c. 




* Ax. 3. Things which are equtal to the same thing ore e q umi t& 
each other. 

t Ax. 4. If from equal things we take away equal Aingt, ^JVf'^ 
lively, the remainders will be equal. 

I By Ax. 3. 



ELEM£MS OF GEOMETRY. 

connected with our siropleBt thoug-hts and habits, Geome' 
try, the most abstract and refined of all human inventions, 
really is. The demonstration in Article the first is little 
more than shewing that the palms of our hands are equal 
hy putting them together! If a carpenter has two trian- 
gular pieces of wood, and desires to know whether they are 
exactly equal, what does he? Why, he applies one to the 
other, in the manner we suppose above, and thereby forms 
his opinion. Such, and so little removed from common daily 
practice, is our demonstration. It is of great use that the 
reader should consider the principles of Geometry in this 
lamiliar way; he will perceive by this means that there is 
truly nothing- so very abstruse or difficult in the Science, — 
nothing to affright him with the thoughts of attempting 
and mastering it. In short, the demonstration of the pre- 
sent theorem, the groundwork of the whole science, differs 
from a mere mechanical application of two pieces of paper, 
shaped in a certain triangular manner, in nothing whatever 
but this, namely : instead of actually applying one triangle 
to the other, we only guppoae one triangle to be applied to 
the other- By this subterfuge it is that geometers have 
contrived to give an air of abstractness and purity to their 
science ; but it is really founded on the very simple 
and practical basis of admeasurement to which we have 
alluded. 



Pbob. III. From the greaffr nftwogivai right Unci to cvt 
off a jiari equal lo the /f«. 

lict AB, tn be two right li.ies, of which ab ia greater than en . 
It is required to cut off' from «n a part equal to cd. 

Cons. From either extremity of ^ 

the greater line a draw ae equal to _.-"' >'^ 
CO by preceding I'noB.; and with the / /' \ 

point A as a centre, and the distance ; ^ j^ ^ 

«E, describe the circle efu, cutting •._ / 

AB in F. Then ap ii equal to en. '■ — .-' 

Den. By Def. 3. af is equal to ^ 

AE. Hence At* ia aUo equal to cd*. c o 

.Thit, &c 



■ Bj Ax. 3. 



8 ELEMEKTSOF GEOMETRY. 

Art. 4. A triangle which has two of its sides equals hcLs 
also its angles^ opposite the equal sides, equal. 

In the triangle abc let the side ba he 
equal to the side bc. Then, also, the angle j^ 

BCA is equal to the angle bag. 

Dem. Let D he any point on the side bg, 
and takeE a point equally distant from the "/-•... ^-sr 
vertex b, on the side b a* ; let da, eg he right /.--^ -.X 
lines joining these points with the vertices A c 

of the opposite angles. Therefore, in the two triangles 
bad, bge, there are two sides ba, bd of the one, equal re- 
spectively to two sides bg, be of the other ; likewise^ the 
angle contained hy the former pair of sides is equal to the 
angle contained by the latter, for it is the same angle abc. 
Consequently, by Art. 2, the angle bad is equal to the 
angle Bge. In the same manner, if on the sides ba, bc, 
there be any other two points equally distant from the 
vertex b ; and if these points be joined as above with the 
vertices of the angles, g and a, opposite them respectively ; 
it can be shown as above that the angles contained between 
these joining lines and the sides are equal. But A and 
G are two such points, being on the sides, and equally 
distant from the vertex b by the terms of the Article : 
— hence, if these points A and g be joined respectively with 
the vertices c and A, as in this case the joining lines would 
fall upon AG, the angles between them and the sides are 
BCA and BAG, which, in the same manner as before, are 
equal. This was the assertion, &c. 

This theorem, which nearly corresponds with the fifth 
proposition of Euclid, is known at schools and universities 
by the name of pons (uinorum, or " asses'* bridge," on ac* 
count of its difficulty, as given in Euclid's Elements. We 
hope that our demonstration renders it sufficiently simple, 
and will rescue it with our readers from such a disgraceftil 
surname. Those, however, who may prefer Euclid's de- ' 
monstration, will find it in the notes. [See Note D,] 



i> 



* If the reader wishes to see how this may be actually done, let him 
read Problems I., II., and III. 
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Art. 5. A triangle which has two of Us 
angles equal, kas also its gtdes opposite the 
equal angles, equal. 

Id the triangle bag, let the angle abc be 
equal to the angle acs. Then, also, the 
side AC ia equal to the side ab. a C 

Dem. For mippose ba greater than AC ; and that a por- 
tion of BA, such as BD, were equal to Ac : then, if the right. 
line DC were drawn, we should have two triangles acb, dbc, 
with the sides AC, cb of the one equal respectively to the 
sides DB, BC of the other; aiso, by the terms of this Art. 
the angle acb contained by the two forraer, is equal to the 
angle dbc contained by the latter. Consequently, by Art, 8, 
the triangles acb, dbc would be equal — on tlie above sup- 
position. But these triangles being evidently not equal*, 
the above supposition must be false ; that is, AB cannot be 
greatar than AC. In the same manner it may be shown 
that AC is not greater than ab. Hence, as neither of the 
sides AB, AC is greater tiian the other, they must be equai. 
This, ac. 

This is what mathematicians call an indirect proof, or an 
Bi^ument ad alisurc/um. In it, by mpposing the contrary 
of our assertion to be true, and thence legitimately de- 
ducing ajahe conclusion, we in fact prove that this sup- 
posed contrary is not true, — or, in other words, that our 
asBertioD is true. Thus, by supposing ba unequal to ac, 
we come to the conclusion that two triangles are equal, 
which are evidently not so; therefore ba is not unequal to 
AC, that is, it is equal to it. 

In the common geometries, the hypothetical manner of 
speaking is lost sight of during the demonstration ; whereby 
the learner is apt to forget its indirect nature. We have 
carefully attended to this circumstance, and carried on the 
suppositional phraseology throughout, till we reach the 
absurd conclusion. [See Note B.] 

Abt. 6. Iftherehe turn triangles which have all the aide* 
of the one equal, respectively, to all the sides of the other,— 



E 



As. 5. The whole ia greater than ill pari. 
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then the angles, which in these triangles are opposite to 
equal sides, are also equal. 
Let ABC, DEF be the two 
triangles; having the side 
AC equal to df, ab equal to 
DE, and BC equal to ef. 
Then, the angle at B is equal A, 
to that at E, the angle at c 
equal to tbSt at f, and the 
angle at a equal to that 
at D. 

Dem. Conceive the triangle abc so applied to the triangle 
DEF that the point a may fall on the point d, and the side 
AC on the side df ; moreover that b may lie at a different 
side of DF from e. Then, the point A &lling on the point 
D, and the side AC on the side df, the point c would neces- 
sarily fall on the point f, because the sides A c, df are equal. 
If, therefore, the right line eb were drawn, there would be 
formed two triangles edb, efb, the one having its sides de, 
db equal, the other having its sides fe, fb equal, by the 
terms of this Article. Consequently, by Art. 4, the angle 
DEB would be equal to the angle dbe, and the angle fbb 



Prob. IV. To divide a given rectilineal angle into two equal 
parts. 

Let BAG be the given angle. It is required to ' ^ 

divide it into two equal paints. 

Cons. On the sides ab and ac respectively 
take the points n and e equally distant from a. 
Join DE, and upon de describe the equilateral 
triangle dfe by JProb. L, so that it may fall at a 
diiferent side of de from a. Then the right 
line AF will divide the angle bag into two equal 
parts. 

Dem. In the triangles fad, fae, the line ad 
fs equal to ae, df to ef, and the side af com- 
mon. Hence, by Art. 6, the angle fad is equal 
to the angle fae. This, &c. 

The angle may be divided into four equal parts, by agun 
dividing fad and fae into two equal parts by this prohfeik 
In like manner it may be divided into 8 equal parts, or 16. «r 
32, &c. "^ "v* 

I"- 
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lo the angle fbe. Hence, the angle obf must be equal 
to the angle dbf, that is, to the angle abc*. 

Again : As the two triangles abc, def, have two sides 
AB, BC of the one equal respectively to two sides de, ef 
of the other, and also, as we have just shown, the angles 
contained by those si^es, ABC, def, equal ; the remaining 
angles opposite equal sides are, by Art. 2, equal ; that is, 
the angle at c to the angle at f, and the angle at a to that 
at B. This, &c. ^See Note F. j 

Art. 7. Such triwttgles as are described ia the preeedmg 
Article are equal, in every respect, to each other. 

ByART.3: because the sides b a, bc are respectively equal 



Prob. V. To divide a ^ven finite right line into tviu cipiai 

Let AB be the right liue. It is required to divide it into two 
equal pal-Cs. 

Cons. Upon ab deBcribe the equilateral tri- 
angle AOB, by 1'bob. 1. ; and by Pros. IV. divide 
tlie auf^le acb into two equal parts by the line 
en. Then if cit be produced lo meet ab, it will 
divide A» into two equal parts. 

Di:u. In the triangles agd, bod, the sides ca and cb are equal, 
the side CD is common^ and ihe angle acu is equal to bcd. 
Hence, by Abt, 1, ad is equal to os. This, &c. 

Pros. VI. To draw a perpcTidicular to a given right line.frm 
a given point withmit it. 

Let AB be the given line, o the point 
without it It is required lo draw from " 

the paint o a perpendicular to ab. 

Cons. Take any point, d, at the other -. 
side of AB from o, and with o as a centre 
and cu u distance, describe the circle jfi 
PDO, cutting ab in the points f and o. '"S" 

Divide po inio two equal part» at e, by 
preceding Pros., and draw ce. Then ce is perpendicular to ai 



e add egiial things, respeclU-rli/, i, 
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s ED, E7, and the angle ABC is equal to the angle 



LESSON II. 

Dep. VI. If one right line, standing upon another, make 
the adjacent ang-les equal to one another, each of these 
angles is called a right angle, and the C. 

right line which stands upon the other 
is called a perpendicular to it. 

Thus if the right line cd stand upon I 

the right line ab, and make the angles A. D B 
CDA, CDB equal to one another, each of 
these angles is called a right angle ; and the line cD is 
called a perpendicular to the line ab. ^See Note G.J 



Deu. In the triBugles fce, oce, ihe side cf ia equal to ca, bj 
Def.3.; and (hesideEP to Eo, by cunstruction; and the side ce 
is common. Hence, by Art. S, the angles cff, ceo are equal ; 
that is, by Def. VI., ce is perpmdicular to ab. This, &c. 

The right line is supposed capable of being produced if neces- 
sary ; for the given pdnt might be so situated with respect to it 
that no perpendicular could be drawn to it unless produced. 

FaoB. VII. To dram a perpendicular to a given right tine, 
from a point in it. 

Let A& be die given line, c the 
point in it. It is required to draw "" 

from c a perpendicular to ab. 

Cons. At dili'erent sides of c take 
DD, ce, equal to each other, by 
Prob. III. Upon DE describe the 
equilateral triangle dfb, by Prob. 1. 



and join fc. Then, fc is perpen- ■*- " "^ ^ B 
dicular to ab. 

Dem. In the triangles dfo, kfc, the side fc is common, the 
sides DF, FE, are equal to each other, and the sides do, cb, are 
also equal to each other. Hence, by Art. 6, the angle fcd ia 
equal 10 the angle fce ; that is, fc is perpendicular to ab, by 

DBF. VI. 

The right line in this problem also is supposed capable of bdl^ 
produced if necessary; as the given point might beat one -"— ^ 



Def. VII. An angle grenter than a right angle is called 
an obtuse angle ; and an angle less than a right angle is 
called an acute angle. 

Thus, if CD be perpendicular to ab, the 
right line db from the point d makes with ^ | 
AB two angles; one of which kdb, being \ 
greater than the right angle cda, is called 

obtuse, and the other, eda, being less than . '->J 

the right angle cda, is called acute. A t> B 

Art. 8. AU right Angles are equal. 

Let CDB, oHE be any two right 
angles. Then the angle cdb is 
equal to the angle ghe. . .. . 

A D B B a I 

Dem. Produce bd through d to any point a, and since 
CDB is granted a right angle, the hne cu must form with 
the line ab the two angles cda, cdb, equal, by Def. VI. 



G 



Pbob. VIII. At a ffiv, 



Let BAo be the given 
angle, dk the given line, 
and f the given point in 
it. It is required to make 
■n angle equal to BAO at 
ihe iwint t; one aide of 
whicn shall be the right 

Cons. On ab take any 
point u, and from ac 
cut off «H equal to ao, 
by PnoB. III.; join ua. 
Likewise, from the line 
ri cut off Fi equal to ao, 
by Fhob. III.; and with 
p as a centre, describe the 
circle nm, at the chstance 
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From the line ie cut off in ei 
by Prdb, III. ; and nilh i oa a centre, describe the ci 
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For the same reasao, producing' ek throagb h to any 
point F, tbe eng-les que, ghf are equal. Notr conceira 
the line ab so applied to the line ef, that the point d 
may Ml on the point h, and the line ab may fktl along' 
the line ep ; also that BC may be at tbe same side of ef 
with kg: then, dc would necessarily fall along hg. For 
iuppose it to Jiill in any other direction, as Hi; conse- 
qnently, the angles ghe, ghf, being equal, the angles ihe, 
IHE are unequal, — that is, the angles cda, cdb (whicb 
are the same as ike, ihf) would be, on this supposition, 
unequal. But they have been proved equal ; therefora 
this supposition is &lse, tbe line dc would not fall in any 
other direction hut hg. Hence the angles cdb, chb must 
be equal, inasmuch as the point d being on the point h, 
and the hne ab on the line ef, tbe side dc would fall oa 
the side hg*. This &c. 

This principle is omitted in Euclid ; but is necessary to 
a rigorous system of demonstration, such as the Elements 
of Geometry should exhibit. 



OLK, at the distance ik. Join the points Fandiwitb tbe point i^. 
where these circles intersect. Then the angle ifl ia equal to the 



Dek. Because ao ib equal to fi by < 
equal to fl, by Def. 3 ; therefore ao and fl are equalt. But as 
is equal to ar by construction ; and therefore ah is likewise equal 
to FLf. Finally, oa is equal to ik, by construction, and is is 
equal to il, b^ Def. 3 : therefore gu and tl are equalf. Hence, 
in the two triangles uar, ipl, since tbe three aides ao, ah, and 
OK, are respectively equal to the three sides fi, fl, and il, the 
angle oah opposile to oh in the one, is equal to tbe angle ifl 
opposite to the equal side il in the other, br Art. 6. This, &c. 
[See Note H.] 

In the common Euclids this problem is enounced thus : " At 
a given point in a given straight line to make a rectilineal anglt 
equal to a given rectilineal angle." This is imperfect, the con^ 
dition of the given right line forming one side of the required 
angle being omitted. 




Fig. 2. 



Art. 9. IFhen a right line meeting 
makes angles with it, these angles are 
two right angle/. 

Let the right line aa Fig. I. 
meet the right linn de, 
and make angles with O' A 

it ABD, ABE. Then, the I / 

angles add, abe taken 1/ 

together are equal to ^ b n b e 

two nght angles. 

Dem. If, as in fig. 1, ab be perpendicular to de, the 
angles abd, abe are both right angles by Def. 6. Hence 
both together are equal to two right angles. If, as in fig. B, 
AB should not be perpendicular to de, the angles abd, 
ABE, taken together, are eridently equal to the angles cbd, 
CBE made by the perpendicular cb*, taken together. 
Hence the angles abd, abe, taken together, are equal to 
two right angles, inasmuch as the angles cbd, cbe, by the 
preceding part of the demonstration are equal to two right 
angles t. This, &c. 

Art. 10. When two right lines meet another, at the same 
point, but at different sides, and make angles with it which 
are together equal to two right angles, those right lines are 
in one continued right line. 

Let DB and cb he the two lines 
meeting ab at the point b, hut at A 
opposite sides of ab ; and forming \ ^ 

the angles abd, ABC, which are ^v ....--"' 

together equal to two right angles, ^ ■ ^' ^ • j. 

Then db and bc are in one and 
the same right line. 

Dem. For, let it be supposed that bc is not in the same 
continued right line with db, but that any other right line 
BE is the continuation of db. On this supposition the 
angles abd, abe taken together would be equal to two 
right angles, by preceding Aht. ; hut the angles abd, abc 
taken together are granted equal to two right angles ; 



;o number vn. 



d from 
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therefore' abd, abe together would be equal to abd, abc 
together hy Abt. 8. Consequently, if from these equal 
quantities we take away, respectively, the atig-le abd which 
ia common to both, the remaining angle abe would be equal 
to the remaining angle abc, a part to the whole, which ia 
impossible. The above supposition, therefore, was f^lse ; 
BE ia not in a right line with bd, nor is any other line 
except Bc. This, &c. 

Def. VIII. If two right lines cut each other so as to 
form four angles, each opposite pair are culled Vevticallv 
oppoiite angles. 

Thus the angles bac, dae _ 
vertically opposite angles 



:b, are said to intersect. 

Art. 11. If two right linei intersect one another, the 
'erticalhj opposite angles are equal. 

Let DC, EB intersect one another, as in the preceding 



figui 

Dem. By Ai 
line DC, am' 



the B 



E are eqaal ; aa also the 



the right line ba meets the right 
makes angles with it, these angles bac, bad, 
equal to two right angles. For a similar 
reason tlie angles bao, cae, made by the right line cA with 
the right line eb, are together equal to two right angles. 
Consequently the angles bac, bad together are equiJ to 
the anglea bac, cab together*. Hence, from these equals 
taking away the common angle BAC, the angle bad remains 
equal to the angle CAEf. In the same manner it can be 
proved that the angles bac, dae, are equal. This,'&c. 

LESSON in. 

Def. IX, Two right lines are said to be equally distant 
from one another when any two points whatsoever in the 
one not the greater, anil any two equally remote points in 
the other, being taken, the right lines which join each 



■ Hj- Ai. 3. 



t Bj Ai. 4 



ThHS, let AB, CD, A E F B 

be tbe two right Jines ; 

E, V, any two points / 

in AB which is equal 

to. or less than the "C G H IT 

whole line CD ; and g, h, any two points equally rpmote in 

the line CD. Then, if the right lines eg, fh, be equal, 

every where such points can be taken, the lines ab, cd, are 

said to be equally distant from each other. [See Note I.] 

Dep. X. Parallel right lines are those which are equally 
distant from each other. 

This is the Eimple, clear, and iamiliar notion of parallels. 
Thus, if we wish to know whether two straight walls or 
trmchet are parallel to each other, we measure the interval 
between them at two diJFerent points, by taking tw o equally 
remote points (g-enerally thoue directly facingthe&rst ones) 
in the opposite wall or trench : if t^le intervals measured 
be equal, we conclude the walla or trenches are parallel. 

Obs. It is evident from our definition that parallel right 
lines never meet ; and that the definition of parallels equally 
applies to lines of a finite or an infinite length. [See 
Note J.] 

Art. 12. Ifa right line intersect lv?o parallel rtgkilmei, 
it naJceg the alternate atiglea equal to each otlter. 

Let AB he a right line 
intersecliiig the two pa- 
rallel right lines cd and 
Ky. Then the allemale 
angles, that is, the angles 
EAfl and ABD {or fab and 
ABc) are equal to each 
other. 

Dem. From b draw the 
EF 1 take nii equal to Gti 
as ua; draw ah. Now in tbe triangles age, abh, the sides 
AC, Bii are equal to each other, the sides bc, ha are, by 
Def. IX., equal to each other, and the side ab is common 




■ight lint 
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to the two triangles. Hence, by Aht. 6, the 
opposite BG is equal to the angle abd opposite ah. 

Again: ByART. 9, the angles bag, baf are together 
equal to two right angles ; so are the angles abh, abc to- 
gether. Consequently bag, baf together are eijual to abh, 
ABC together*. Hence, taking away from these ei]iials, the 
equal angles bag, abh reepectirelj, the angle baf remains 
equal tothe angleABcf . This, &c. 

Art. 13. If aright tine intersect two parallel right lineM, 
it makes the two internal angles on the same side of the in- 
tersecting line together equal to two right angles. 

Let AB be n right line intersect- 
ing the two parallel right lines 5 ax r 

CD and EF. Then the two internal y 

BDgles on the same side of the in- 
tersecting line, tbat is, the angles 
VAB and ABD (or BAB and abc) 
I are together equal to two right angles. 
' Dem. By Art. 9, the angles eab and baf are together 
e^al to two right angles ; and by Art. preceding, abd ta 
equal to EAB. Hence the angles abd and baf together 
are equal to two right angles. In the same manner the 
angles eab, abc together ore proved equal to two right 
angles. This, &c. 

Art. 14. If aright line intersect ttoo parallel right line*, 
U makes each external angle equal to the farther inlerTtal 
angle on the same side of the intersecting tine. 

Let AB be a right line in- 
tersecting the two parallel 
right lines cd, ef. Then 
the external angle kae is 
equal to the farther internal 
angle ABO on the same side ; 
of AB. Also, the other ex- 
ternal angles KAB, LBD, lbc 
are respectively equal to the 
corresponding internal angles . 

• B7 Aj. 3. 



r. By Art. 1 1, thit angle 
EAfl ; and by Akt. 13, the angli 
angle EAB. Hence the aoglee KA 
In the same manner the other 
equal to the corresponding- interior 



equal to the angle 
i equal to the same 
BDmust be equal*. 

angles are proved 
. This, &c. 



Art. 15. ^ a right line intersect tteo right lines, and 
make the alternate angles equal to each other, these two 
latter right lines are parallel. 

Let AB be the right , 

line ' which intersects / 

two other right lines, E A/ F 

CD and EF, making: tbe y 

alternate angles eab c / n 

and ABD equal to each ^ — Vb 

other. Then cd is pa- / 

rallel to ef. 

Dem. Through the point b draw any right line, as mn, 
not coincident with CD. mn is not parallel to ef ; for if it 
were supposed parallel to ef, then by Aht. 12, the angle 
EAB would be equal to ABN,and therefore the angle ABDf, 
which is granted equal to eab, would also be equal to abn, 

Pnos. IX. Through a given point outside a given right line to 
draw a right line parallel to the given one. 
Let A be the given point, 

S'ven line. It is required ti 
rough the poiuE A a right line pa- 
rallel to BC. . . / 

B D O 

Cows, Draw a right line from the given point to any point a 
in the given line. auO make the angle daf equal to the alternate 
angle Aoa, by Pnou. VIII. Then the right line af is parallel 

Dem, As the right line ad meets the two right lines af, bc, 
and makes the alternate angles daf, aub equal, the right lines 
AP, BC, are parallel, by Art. IS. This, &c. 

This problem is also inaccurately enounced by the editora of 
Euclid in general ; for the condition of the given point not being 
in the given line ia omitted. 






which is impossible. Consequently tlie above supposition 
is false ; MN is not parallel to SF. In like luanuer it can 
be proved that no other rigbt line through the point b 
is parallel to ef, except cd. Hence CD is parallel to sr. 
This, &c. [See Note K.] 

Art. 16. If a right line intersect two right lines, and 
make the external angle equal to the farther internal 
angle at the same side of the intersecting line, these two 
latter right lines are parallel. 

Let AB he the right line in- /K_ 

tersecting two other lines ep, jr_ ^/ y 

CD, and making the e.\ternal ~/ 

angle KAF equal to the farther / 

internal one abd. Then ef is ^ 75 5" 

parallel to cd. / 

Dem. By Art. 11, the angles kaf and eab are equal; 
therefore, since kaf is equal to abd, also eab is equal to 
ABD . Hence, by Art. preceding, ef ia parallel to cd. 
This, &c. 

Abt. 17. ^a right line intersect two right lines, and 
make &ie two internal angles at the same side of the inter- 
secting line together equal to two right angles, these two' 
latter right lines are parallel. 

In a £gure similar to the preceding, let the two internal 
angles fab and abd be together equal to two right aoglee. 
Then EF is parallel to cd. 

Dem. By Art. 9, the angles fab, eab, together, are 
equal to two right angles ; therefore they are equal to the 
angles FAB, ABD, together*. Take away from these equals 
the coramon angle fad, and eab remains equal to abd t- 
Hence, hy Art. 13, ef is parallel to cd. This, &c. 

Art. 18. If a right line intersect two parallel right 
lines, and another right line be draviji parallel to the inter- 
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sector from any point in either of the parallels, it will meet 
the other, if produced sufficiently ; and its length between 
the parnlhU icill be equal to the length rf the intersector 
between the parallels. 

Let AB be the right line 
intersecting the two parallel ^/ ^ 

right lines EF, cd. Then if jj -fr t y 

from any point, o, in either / '",_ /'; 

of these parallels, EF, a right / "'■._ / ; 

line be drawn parallel to ab, - — J- '--^ — ^-^^ U 

this right line will meet the ^ /^ - 

other parallel, cd ; and its 

intercepted part, between the parallels ef and cD, will be 

equal to the intercepted part ab, 

Dem. Take bi equal to ag, and join iG. Since ef is 
parallel to cd, and the points A anil c on the one are 
equally remote as the points B and i on the other, there- 
fore, by Def. IX. the lines ab and gi are equal. Join Ai. 
In the triangles iba, agi, the side ai is common, the side 
Bt haa been taken equal to the side AG, and the side ab 
has been proved equal to the side Gl ; consequently, by 
Art. 6, the angle iab, opposite to the side bi, is equal to 
the angle ajg, opposite to the corresponding side AO. But 
these are alternate angles ; therefore, by Abt. 15, the lines 
AB and GI are parallel ; and therefore, by Art. 13, the two 
internal angles bag, agi are together equal to two right 
angles. Now the right line drawn from the point g paral- 
lel to AB must fall on the line qi. For mppote it to fall 
in any other direction, as gh ; the two internal angles bag, 
AGii, would, by Art. 13, be together equal to two right 
angles, and, therefore, equal to the angles bag, agi, toge- 
ther, which bare heen proved also equal to two right angles. 
Consequently, taking away from both the common angle 
BAG, there would remain the angle agi equal to the angle 
AGH, the less to the greater, which is impossible. Hence, 
the abure supposition was false ; the right line drawn from 
(he point o, parallel to ab, does not ^1 in any other direc- 
tion than UT, and its intercepted part, Gl, hae been profed 
equal to AB. This, &c. [See Note L.] 
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Art. 19. Right lines which Join the adjacent extremi- 
iei of tiBo equal and parallel right lines are thenaelvet 
I equal and parallel. 

Let AB, CD be two equal and parallel A ^ 

right lines, whose adjacent extremities / ,'' f 

are joined hy the right lines Ac, bd. /^■'^ I 

Then ac, bd are also equal and parulle!. q p 

Dem. Join either pair of opposite extremities c and B. 
Now in the triangles abc, bcd, the sides ab and CD are 
equal, the side bc is common, and the contained anglee 
ABC, BCD, are equal by Art. 12. Hence, by Art. 1., ac 
is equal to bd; also the angles ACS, DRC, being equal 
by Akt. ^, the lines ac, bd are paralleled by Art. 15. 
This, &o. 

Observation. The equality of ac to bd follows immedi- 
ately from Def. IX. 



Def. XI. A parallelogram is a four-sided rectilineal 
figure, each pair of whose opposite sides are parallel. 

Thus, if AC and bd are par 
also ab and CD, the figure 
called a parallelogram, ad ai 
called its diagonals. 

Art. 20. The opposite sides of a parallelograt 



P<1 



Let ABDC be a parallelogram. Then / 7 

r AB and CD (or Ac and bd) are equal. / / 

r CD 

Dem. Inasmuch as the right line ac meets the parallel 
right lines ab and cd, and from tbe point b in one of these 
parallels a right line bo is drawn meeting tbe other cd, and 
parallel to Ac, (by Def, XI.,) therefore bd is equal to AC, 
by Art. 18. In the same way it is proved that ab is equal 
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to cs ; the line ab being drawa parallel to CD from a poinc 
in AC which is parnllel to ao. This, &c. 

Art. 21. The opposite angles of a parallelogram are 

In the preceding figure the angles abd and acd (or cdb 
and bag) are equal. 

Dem. By Art, 13, abd and bdc together are equal to 
two right angles ; and therefore to bdc and dca together, 
which are by the same Art. also equal to two right angles. 
Hence, taking away bdc from both, abd remains equal 
to dca. In the same manner bac is proved equal to cdb. 
This, &c. 

Art. 22. A parallelogram is divided inlo two equal 
parts bjf its diagonal. 

In the pftrallelogram abdc, let the dia- / ,.■-""/ 
gonal Bc be drawn. Then the triangle /^-^'' / 
ABC is equal to the triangle bdc. ^ r^ 

Dem. By Art. SO, ab equals cd, and Ac equals bd; 
niso the side sc is common to the two triangles abc, bdc. 
Hence, by Art. 7, these triangles are equal. This, &c. 

Art, 23. Parallelograms on the same base, and be- 
tween the same parallels, are equal. A £ D "F 

Let ABCD, EBCF, be two parallelograms / / / / 
on the same base BC, and between the // 1/ 
same parallels bg, ap. Then these pa- -^ — p — - — 
rallelograms are equal. 

Dem. By Art, 14, the angles ABC, DCG, ^ ed r 
are equal ; and also the angles ebc, i 
Therefore, taking ebc from Abc, and fcg 
from DCG, the angle abe remains equt 
the angle dcf. But, by Art. 20, ai 
equal to DC, and eb to fc ; consequently 
the triangles abe, dcf, are equal, by Art, a 
3. Now, if from the four-sidedfignre ABCF I 
we take the triangle ABE, the parallelogram | 
EBCF remains ; and if from the same figure ^ 
we take the equal triangle dcf, the pa- 
mllelogram abcd remains. Hence, as from the same 
quantity we anccessively take the equ^ triangles abe, dcf. 
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the remainder in one case will be equal to the remainder 
in the other ; that is, the parallelogram ebcf to the paral- 
lelogram ABCD. This, &c. 

Art. 24. Parallelograms on equal bases and between 
the same parallels are equal. 

Let eabf, cghd, 
be two parallelograms 
on equal bases ab, 
GH, and between the 
same parallels ah, ed. a b" 

Then these parallelograms are equal. 

Dem. Draw the right lines ac, bd. By Art. 20, cd is 
equal to gh, and therefore to ab, by the terms of the pre- 
sent Art. Consequently, by Art. 19, ac is equal and 
parallel to bd ; and the figure abdc is a parallelogram by 
Def. XL Now, by preceding Art. eabf is equal card ; 
and by the same Art. cghd is also equal to card. 
Hence, eabf is equal to cghd. This, &c. 

Art. 25. Triangles upon the same base and between the 
same parallels are equaL 

Let ABC, AEC, be two triangles 
on the same base ac, and between 
the same parallels ac, df. Then 
these triangles are equal. 

A C 

Dem. Draw ad parallel to cb, and cf parallel to ae. 
By Art. 23, the parallelograms adbc, aefc, are equal. 
Hence the triangles arc, aec, which by Art. 22 are 
their halves, are also equal *. This, &c. 

Art. 26. Triangles upon equal ba^es and between the 
same parallels are equal. 

Let ABC, def, be two tri- 
angles upon equal bases ac, ^ ^ ^ ^ 

DF, and between the same 
parallels af, be. Then these 
triangles are equal. 
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* Ax. 7. The halves of equal thtTigs are equal. 
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S5 



DeM. Draw ca, dh, parallel respectively to as, fg. 
By Art. 24, the parullelogramg abgc, dhef, are equal. 
Hence, by Art. 2S,the triangles abc, sef, are also equal*. 
ThiB, &c. 

Art, 27. Equal triangles upon the same base, andupon 
the tame aide of it, are between the tame parallels. 

Let ABC, ADC, be two equal Btj^.^: 

triangles on the same base AC, 
and on the same gide of it. 
Then these triangles are be- 
tween the same parallels. 

Dem. Draw the rig-bt line bd from the vertex of the one 
triangle to the vertex of the other: bd is parallel to AC. 
For, gvppote that bd is not parallel to AC, hut that any 
other line, as be, meeting a side ad of the triang-Je Adc in 
the point E is parallel to AC. Then, drawing from this 
point a tight line to the vertex of the opposite angle c, the 
triangle aec would he equal to the triangle abc, by Art. 
S5 ; and conse<]uen(ly to the triangle adc which is given 
equal to ABC. But this is impossible ; and therefore the 
supposition is iaUe : be is not parallel to ac. Hence, as it 
may be proved in the same manner that no other line 
except BO is parallel to Ac, bd ia parallel to AC. This, &c. 
[See Note M.] 

Def. XII. Taking any side of a triang-le as ha^e, the per- 
pendicular from the vertex to the base (produced if neces- 
sary), is called the Altitude of the triangle. Also, taking 
any side of a parallelogram as base, the perpendicular from 
any point in the opposite side, on the base (produced if 
necessary), is called the Altitude of the parallelogram. 

Thus, if ABC, DEFG, 

a triangle and paralle 
gram, on their respect 
bases AC, do ; and if 
be perpendicnlar 



AC. D 



: then 



respectively the altitudes of abc. 
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This perpendicular, it is evident, 

may be taken any where in the A r — B 

parellel ef, because it is always ^ I i> 

the same lengfth. For if ab, cd, ^ ^ 

be parallel, any two perpendiculars, such as IK, lm, are 
equal. For by Art. 17, ik and lm are .parallel, and 
therefore, by Art. 20, they are equal, as ikml ip a paral- 
lelogram. 

Art. 28. Parallelograms which have equal basses and 
equal altitudes are equal. 

Let A BCD, efgh be two 
parallelograms on equal 
bases, ad, eh, and with 
equal altitudes, di, hk. 

Then these parallelograms j^ D £ H 

are equal. 

Dem- Draw al, em parallel respectively to di, hk ; and 
produce ib, kf, to meet them in L and M. The figures 
alid, emkh, are parallelograms by Def. XL Now, if the 
diagonals ia, ke be drawn, the triangles ida, khe, are 
equal, by Art. I; because they have two sides, id, da, 
granted respectively equal to two, kh, he, and the con- 
tained angles ida, khe also equal, by Art. 8. Conse- 
quently ALID, emkh, the doubles of these triangles, are 
also equal*. Hence, inasmuch as, by Art. 23, alid 
equals abcd, and emkh equals efgh, the parallelograms 
abcd, efgh, are likewise equal. This, &c. 

Art. 29. Triangles which have equal bases and equal 
altitudes are equal. 

Let ABC, DEF, bei; 

two triangles on equal \ 
bases ac, df, and with \ 
equal altitudes, bg, ^ 
eh. Then these tri- 
angles are equal. 

Dem. Draw ai, bi, parallel to cb, ca respectively ; and 
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* Ax. 8. The doubles of equal things are equal. 
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halvee, are alsc 
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CK, EK parallel to fe, pd respectively, 
preceding-, ihe parallelograms aibc, ukep 
equal bases Ac, df, and equal altitudes : 
by Art. 22, the triangles abc, def, theii 
e^ual *. This, &c. 

Art 30. Eqtml Irianglea on equal bases hi 
altitudes. 

Let ABC, DEE, he two „ , ^ 

equal triangles, upon 
eijual bases, ac and up. 
Then their altitudes. 
Be and EH, are also 
equal. » " " » n » 

Dem. For mipposH eh to be {,^i'eater than eg, and that 
XL is eijual to bc. Draw bi, ci, parallel respectively to 
AC, ab; and ek, fk, parallel respectively to df, de; also, 
through the point L draw mn parallel to df. Then, by 
Art. 23, the parallelograms abic, dekf are equal, because 
their halves, Ihe triangles, are given equal-j-. But, by 
Art. 26, the paralletogram abic would, on ike above sup- 
position, he also equal to the parallelogram dmnf ; and 
therefore dmhf would be equal to dekf, — a part to the 
whole, which is impossible. Hence this supposition is false i 
£H is not greater than sa. In the same way, it may lie 
proved that bg is not greater than eh. Hence SC and EH 
are equal. This, &c. 

Art. 31. If a parallelogram and a irumgle be upon 
the same base, and between Che aam •' • ■> > 

lelogram w double of the triangle. 

Let ACED be the parallelogram 
on the same base ac as the triangle 
ABC, and between the same paral- 
lels AC, BE. Then aces is double 






^parallels, the paral- 
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^^H Art. 22, aced is double of adc. 

^H of ABC*. ThJB, &c. 

^^^1 Def. XIII. A iquare is a parellelograin ^ 
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I equal, and aoy of whose angles 



right 



C B 

D 



» 



-adjacent sides a 
angle. 

Thus, if in the paraUelogram acsd, ai 
pair of adjacent sides AC, ad be equal, ai 
any one angle acb be a right angle, Aci 
is called a square. [See Note N.] 



Art. 32. All the sides of a tqu 
iU angles right angles. 

By Def. XIII. and Art. 20, all 
Art. 13, the angle cbd is a, right o 

one; and therefore, by ART. 21, all the angles are right. 
This, &c. 

Art. 33. Squares described upon equal right lines ait 
equal. 

Let A8CD, BFGH be two squares 
described upon the equal right lines 
AD, EH.-|- Then these squares are 

This is evident. [See Note O.] «. - - - 

Prob. X. On a gieen right Hm to describe a iguare. 
Let AB be the given line. It is required to 
detcribe a square on it. 

Cons. At either extremity of the f;iven line. 



the points b and c draw the right lines b 

parallel reipeciively to oa and *B,by Pbob. IX. * 

and meeting in d. Then the figure aci»b is a equare. 

Vpm. By Def. XI., acdb is a paraUelngram ; and as AC 
cquah AB.and the angle at « is a rignt angle, acdb ia a square 
by Def. XIII. This, SiC. 

* By Ax. B. 



', and aU 



equal. By 
ACB is a right 



D 
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Aht. 34. If two squares be equal, their fides are equal. 
Let the squares (in fig. above) ABCD, EFGH be equal. 



This 



is evident. [See Note P.] 



LESSON V. 



Art. 35. If any side of a triangle be produced, the 
external angle is equal to ike two farther internal angles 
la/ten together. 

Let ABC be any triangle, of which the „ j^ 
side AC IB producetl. Then tlie External 
angle BCD is equal to the two &rther 
internal angles abc and bac. ____^ 

Dem. Draw ce parallel to ab. By A CD 

Art. 12, the angle abc is equal to bce ; and by AliT. 14, 
the angle bac is equal to ecd. Hence the two angles arc, 
BAC together are equal to the two angles bce, ecd toge- 
tber, — that is, to the whole angle bcd. This, &c. 

Art. 36, The external angle of anv triangle is greater 
than either of the tico farther internal angles. 

This b immediately evident from the last Article. 

Art. 37. TTte three internal angles of any triangle 
taken together, are equal to two right angles. 

In the triangle ABC, the angles abc, bca, cab, taken 
together, are equal to two right angles. 

Dem. By Aht. 9, the angles bca, ^ 

BCD together are equal to two right 
angles; but by Art. 3a, the angle 
BCD is equal to the two angles abc, 
bac together. Hence the angles ^ 
BCA, ABC, BAC together are equal to -^ -^ j. 

two right angles. This, &c. 

Art. 38. Any two angles of a triangle are together le. 
than two right angles ; and ^ any angle of a triangle I 
obtvse or right, the olhtr two are acute ; alio, if two angi 
of a triangle be equal, tliey are both acute. 

These are immediately evident from the last Article. 
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Art. S9. If two triangles have two angles m the (me 
equal respectii-ely to two angles in ike other, the third angle 
of the one is also equal to the third angle of the other. 



By Art. 37. 



L Art. 40. TSe four internal angles of any four-sided 
hfectilineal fgure, taken together, are equal to four right 
\iMglea. 

;%< 



Let ABCD be a four-sided rectilineal „ 

Bi figure. Then the angles abc, bcd, cda, ^----'''^ 

together, are eqaal to four right ^;^'''^--'' / 
I angles. >-" — n 

Dbm. Draw the line ac. Then by Art- 37, the iD- 
temal angles of the triangle acd are together equal to two 
right angles ; as also the internal angles of the triangle abc. 
Hence, as these are the internal angles of the quadrilateml 
figure ABCD, they are all together equal to fonr right 
angles. This, &c. 

Art. 41. In ani/ triangle, if one tide be greater than 
another, the angle opposite to that greater die is greater 
than the angle opposite to the lesser. 

Let ABC be any triangle, having one ^ 

of its sides bc greater than another ^.---'^ 

BA. Then also the angle bag is greater ^_,^^''''^ ~'~\ 
than the angle BCA. o A. 

Dem. Take BD equal to BA, and draw AD. By Abt. 4, 
the angle bad is equal to ^da ; and hy Art. 36, bda is 
greater than bca ; therefore bad is also greater than bcA. 
— Hence, bag, which is greater than bad, must be greater 
than BCA. This, &c. 

Art. 42. In any triangle, if one angle be greater than 
another, the side opposite to that greater angle ts greater 
than the side opposite to the lesser. 

Let ABC be any triangle, having oue 
of its angles BCA greater than another 
BAC. Then also the side BA is greater 
than the side bc. 



Dbm. ba ie not eqnal to bc, for ii 
HAC would be equal to bca, by Art. 4; which it is 
by the terms of the present Art. ba is not ]ess than bc, 
fgr, in that case, the angle bca woulii be less than bac, 
by preceding Art. ; which it is not. Hence ba must be 
greater than BC. This, &c. 



Art. 43. Any two sides of a 
greater than the third tide. 



.We 



■ together 



than tlie third side a 



3 together 



Dem. Produce ab through » until the produced part 
BD eijuol bc ; and draw CD. By Art. 4, the angles bdc, 
BCD are equal; consequently the angle ACQ is greater than 
ADC. — Hence, by Art. preceding, the side AJ) is greater 
tlian the side ac; that is, inaemuch as AD is equal to ab 
and BC, the sides ab and bc are together greater than ac. 
This, &c. 

Art. 44. If two triangles have two aides of the one 
equal rerpectively to two sides of the other, but the angle 
contained by each pair of these sides unequal, — the base of 
that triangle whose given sides contain the greater angle,is 
greater than the base of the other triangle. 

Let ABC, DEF be two tri- 
angles, having the side ab, b s. 
equal to the side de, an 
the side Be equal to the side ^ 
KF ; buttheangleABCgreater 
thui the angle def. Then 
also the base ac ia greater 
than the base df. < 

Drm. Of the two given sides ab, bc, let ab be that 
which is ?io( the greater; and from b to Ac drawBH, making 
with AB an angle ABH equal to the lesser angle def. Then, 
by Akt. 41, since BA is not greater than bc, the angle 
Bi'A is not greater than bac ; consequently since the angle 
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BHC is, by Art. S6, greater than bac, it is also greater 
tfaan BCA, and therefore the side bc is greater than the sid* 
BH, by Abt. 42. Produce bh below Ac until bo equals 
BC, and draw AG, GC. Now, in the triangles abg, dry, 
\ since ab equals de, and eg equals ef, and also the an^le 
ABG equals the angle def, — therefore also the side AO 
equals the side df, by Art. 1. But as bg is equal to BC, 
the angle bgc is equal to bcq ; consequently the angle ago 
is greater than bcg,— and therefore greater than acg. — 
Hence, by Art. 4'i, the side au ia greater than the side ao, 
that is, greater than the side df This, &c. [See Note Q.] 

Art. 45. Jf two triangles fiaie two sides of the one 
equal respectively to Itvo stdes of the other, bttl their 
banes unequal,— the vertical angle of that triangle which 
has the greater ha»e t* grealet than the teitical fUigle of 
the other triangle *. 

Let ABC, DEF be two tri- 
angles, having the sides 
BA, BC respectively equal 
to ED, EF ; but till ■ 
greater than the base 
Then also the angle asc is -^ 
, greater than the angle DEF. 

Dem. The angle dep is not equal to abc, for then by 
Art. 1, the bases df and ac would be equal, which thejr 
are not. Neither is the angle def greater than abc ; for 
then, by last Art., the base df uould be greater than lh» 
base AC, which it is not. — Hence the angle def is less than 
the angle abc. This, &c. 

Art. 46. If two triangles have two angles of the one 
equal respectively to two angles of the other, and a side of 
the one triangle equal to a corresponding side of the other, 
— these triangles are in every respect equal to each other. 
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Case I. Let abc, D£7 be a 

two triangles having the an- 

g-les BAC, EDF equal; as also / 

the angles bca, bfd; and the / 

aide AC between the given ^ 

angles in the one eqnal to the 

side Dp bettceen the given angles in the other. Then tbe 

triangiee abc, def are in every respect equal. 

Okm. The side ab muet be equal to the corresponding 
aide DE. For suppose ab greater than se, and that AG is 
taken equal to de. Then, if gc were drawn, the sides Ac, 
AC would be respectively equal to tbe sides de, df ; and 
tbe angle at A in eqnal to the angle at D. Therefore, on 
this supposition, the angle OCA would be equal to efd by 
Art. ^ ; and consequently to bca, — a part to tbe whole, 
which is impossible. The above supposition is consequently 
blse J AB is not greater than de ; and in the same manner 
it t»n be proved that DE is not greater than ab, — Hence 
ABand DEare equal ; and therefore by Art. 3, the triangles 
ABC, DEF are in every respect equal, the angle at b to tbe 
angle at E, the side fic equal to tbe side ef, and the whole 
area or surface abc equal to tbe whole area def. 

Case II. Let abc, def be two h k 

triangles having the angles bac, 
EDF equal, as also the angles bca, 
EFD ; and the side ab (or bc) op- 
posite a given angle, c, in the one 
triangle, equal to the side de, (or 
EF,) opposite the corresponding 
angle F, in the other. Then tbe 
triangles abc, def are in every respect equal. 

Dem. By Art. 39, tbe angle at b is equal to that at e. 
— Hence, by Case I., the triangles abc, def are in every 
respect eqnal, — the side ab, which is eqnal to de, lying 
betipeen the angles al a and B, which are respectively equal 

to those at d and e. This, &c. 

Art. 47. In any righl-angled triangle the square 
described on the siiU opposite the right angle is equal to 
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» described on the side^ containing the right 



ABC be a triangle whose 




let ACDE, AFGB, BHic, be 
squares respectively described 
OD the sides Ac, ab, bc. Then 
ACDE is equal to AfGB and 
BHIC taken together. 

I Dem. Draw BE, Fc; as also 
F Sk parallel to ae. In the tri- 
angles ACF, ASF, the side AF is ,/ : ' 

equal to the side ab, and the ^ ■ — »~^ 

side AC to the side ae, hy 

Art. 32 ; also the angle fac is equal to the angle sab, be- 
cause the angle bac is common to both, and the angle fab 
is equal to cae, by Art. ». Consequent!)', bj Art. 3, the 
tno triangles ACF and ABEare equal. But, by Art. 10, 
BC and BG are in the same right line, because the angles 
ABC, ABG are both right angles; therefore, the whole line 
GC being parallel to af, the parallelogram afgb is doable 
of the triang;le acf, by Art. 31, and consequently double of 
the triangle Abe, which is equal to acf. Likewise, as BK 
is parallel to ae, the parallelogram alke 19 double of the 
same triangle, abe, by Art. 31. — Hence, the square afgb 
and the parallelogram alke are equal, each being double of 
the same triangle. In the same way it may be proved that 
the square bhic is equal to the parallel ogra in lcdk, by 
joining the points B and d, i and A. For the triangles thuB 
formed will have two sides AC and ci respectively equal to 
two DC and cb ; and the inclnded angles ACi, dcb, will also 
be erjual, as in the preceding part of the proof. Hence, by 
Art. 3, these two triangles will be equal; and therefore the 
square Biitc, which is double of one, will be equal to the 
parallelogram LCDK, which is double of Che other. (Art. 31.) 
— Hence the two squares afgb and bhic are together equsl 
to the two parallelogrorae alke and lcdk together ; that is, 
to the square ACDE This, &c. 



NOTES TO PART I. 



Norr. A. Tbc acluionlcdged lupcrioritj of Ccdmelr; as a ■cienco 
luu tempted Ets profcMors lo claim for it s perfcctiDn which can bcjong 
to Doihing human. Their endsavoun to eX9.1t it into a perfectlj abstract 
■deuce hsie led la maaj' ibiiinlitlca. Thus, fai eiainple, the 6nt piin. 
dple with Hhieh the Etementa of Euclid set out i« cither nnmeaning or 
untruD : "* A point ia that vhich haa no parts.^ If hj the word thai ia 
to be ondenlaod a magailade, — then it will (allow from the definition in 
Eoelid, that a point it a mg^tude tehUh has no magnitude. If by the 
word that a only meant (ihb) a (Ain^,— thea it will follow that Spirit, 
Motion, FoACioni in short, whatever Iibb no parli, ia " s punt." From 
the same desire to give an air of ahstmctnefiS to this Bcience, originated the 
defidlion (aa it i< railed) of a Right or Straight lino ; which ia said lo bo 
■' tfait which liei eycnly l>ctWMn ita oitreme pointi." Thit i« a mere 
lerbal illqaon, teaching ni nalhing whatuieier ; for we have joat as clear 
an idea af a tlraighl line la of an eiien line, of ilraighlnesa as of erennets, 
which are indeed words of nearly the anme meaning In Ihia definitioa. 
So that the definition cornea to this, viz. " A straight line is that wliieh 
lie> tiraighlly betwten its extreme pginlE," — ui eridenl tinlology. The 
ilefinidon of a Plane Surbce ie open la still greater ubjectiona. Euclid 
deBnea it to be, " that which lies evenly between ite extreme nght lines -, " 
whare. together with the illusion of the word inEnfy. it nay t« objected 
that there are many pkne inTfaces which arc not bounded by right linet, 
u a cirole, Sx. R. ^mson gives another delioilion, viz. '■ A plane 
■uperlicica is that in which any two points being taken, the straight line 
between them liei wholly in that mperficiea." To which it may be 
objected, that, in the )int place, this is not a deflnitien, but a theorem (if 
properly eipreased) : and in the second place, that in a plane surface like 
that in the annexed plate, cnirc would ^ n 

not, hy tiiis definition, he a plane surfaee, 
betaoie the right line u does not lie 
ahotlg in it. Tlie truth is, that the ideas 
of a Point, a Right Dnc, and a Plane 

Surface, are what logiciani call Simple u- n- 

Ideat, which cannot he dclined. (See Loekc's Esiaji, Book III. Chap. 
IV. J By out sight and touch we get the ideas of straight lines a.ad flat 
surface!, nor ia any definition wanting to eipUin tliem ^ and frani these 
■enaibie ideas our niathematical ones are wholly derived. We omceive 
atr*igbt lines and flat surfaces as perfectly atrught and perfectls flat; 

these are our mathematioil ideas of the MUd m^nitudee. They are in 
fact only our ideas of sensation modified and refined ; so true it is that 
Genmctry, the purest and most abstract of the sdencsa, is primitively 
derived ftniu the commonest and humblest source of information — the 






The word " 



rery general and vague, a smooth globe being 
longht pnidcut to add the words '* straiohl^ 
u uf a rigiit line and pUne surface, is pcrhupt 



iDore iDlelligtbls though Um tefiiied. It ie 
eiplBDatioQi of a right line and plane Buri 
Bpplic&ble to iajinile aa yitU u Sniie rigt 
which the " d«9niiionB" in the ElumcaU a 
Sulid then is do definition given or ntteaii 



:o b« obserredt tiiHt thv 
ven ill thJB Treatise ar* 
> and plans eulfuet, — 
:. Of a MalbftnaUeal 
a Euclid: Mb deRaiHali 
d thicliness," beiiig ori- 
loolhoees or it) Butface, 
matica) from ■ phjDCil 



.t UEuU, than ila 



mthsi tban as ■ mai 

b; the wa;rin vhicb we cbaoK to coniider it. 

PliUB Geometry is, properly apeakiDg, that edei 
geDmetriral quantities Ijing in the mme plane {sx 
E^tinn) : but >I is better perbapt to define it in Its- 
most philological acceptation. 

Note B. In the aubsequont {lartB of this TreiCiBe ve Bball for bravitj 
umit the vards " pluio" and rcctiliueal ; " it being underetood that all 
the liuoft and Agurea Bpoken of aje rectiUaeul aud pWo, except the oireUi 
which is plane, but not rectilineal. 

The Wocli is divided iuto LenonB, not that there are any logical 
grounds for the divieion, but in order thit eu:h may be congidered ■> a 
Bepamte Study to be niMlered completely before proceeding any fcrther. 
Every advantage, bonever, ii taken of a change in the subject, to be^ a 

Note C. Articlei 1, 2, and 3 form Proposilion IV. in the Elemenls ef 
Euclid; hut besides that they are really distinct tlieorcnis, their being 
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The angles al the late qf an egual-stded triangle are equal to one 
another 4 and if the eqval aides be produced, the angles «ip«n the 
other side of the base shall be alia.eguai. 

Let AAC be a triangle, of which the aide ab Ib equal to ac, and let the 
straight lines, in, ac, be produced tu n and b i the angle abc ihall be equal 
to the angle tea, and the angle can to the ingle bce. 

In an take any point r, and from at cnl US' la equal to ir ; and j<dn 

equal to the two at, »b respectively; and they contain the anglD no 

common to tbe IHo triangles, »fc, UiB. Consequently * 

[by Akt. 1.] the base re is equal to the base qb ; as 

also [by Akt. 2.] tbe angle tcr to the angle ann, and 

the angle iFc to the angle >gi. But because ir is 

equal to an, and aa to ac, the port bf is equal to the 

pari ce ; thetefore, in the triangles, arc, cbb, the sides 

■r, re, are reipeotivcly equal to Ite sides co, ob, 

aud tbe angle bfc Ib equal to the angle cbb, Con- 

sequenlly [by Art. 2,] tbe angle rac ia equal to 

-"■- angle otu ; hut thtae are tbe Rnglea below the 




[brA»T 


2^ 


Con. 


qu.nlly, Uh 


- 


dieM (iquil 


tt« -ngl= 




l"0, 


«hich were 


ab 


va shown to 


^.. . 


■. 






d 


tlKTH are th 


Thii, As. 












The B 




demon 


tntion bu 




Die Rdratittge 


iMti bu 




Dumb 


r BDd CODf 


H 


n of the linea 



1 angles necessarily 
omplofed in ic, have long rendered it the moit difficult proposition in all 
EuoHd to a leameT. The Bdvantago of an easy solution waB to be prefeired 
befbn all other lou etnntisl ones. 

NoTK E. In their ptoofi of Indiracl propoBitioni, Geometers not only 
omit carrying on the hypothetic phnueology, but Ihcy uniicnally punue 
■ metfand of demonstraiion whirh ig erroneoui and absurd. For, taking 
that u true vhich ia not tme, but only tuppoted eo, they trll us te do 
that vhich cannot be done, instend of telling ui only tx> suppose it done. 
Thui, in the present theorem, R. Simson says : " let in he the greater, 
and fhim it cut off db eijual to tc" — referring us at the samo time to 
Puw. ID. for the method of cutting off he. Now u is otily avpposiil 
greater than ic, and db is only auppoted cut olF Equal to ic; faul we 
rannot ictually cut off db equal. (« Ac, inasmuch as the mere su^iasition 
■hows that this cannot be done. It is therefore abauid to refer us to a 
problem for the method sf doing thit which we afterwards End eould not 
have been done. To render all such indilect proofs Talid, it is only neces- 
sary, that the contrary of whatever principle we wish to ssanme be supposed 
true, and that we argue legitimately from such t supposition. But we are 
never to speak of performing actual operations on the Rgure, ss if our sup- 
pontioD were really true, for they cannot bo performed. 

NcfTE F. By this proof we get rid of a clumsy proposition in the Elo- 
menta i which is indeed only used LQ order to prove this theorem, and ij 
never af^rwards emplnyod. ^ 

The triangles uc, aet might be such, and applied 
in s'lch a m^iuner, thu the line u would hit ouUido 
them bath, as in the annelod figure. But tho demon- 
sttstion gives in the text would still hold good ; for 
the DDgles nir, Dsr would then he the differeneei 
between nn and ran, dbe and fbe, and therefore equal, 
because the latter angles an respectively equal, by 
A«r. <. However, if we nlwavi eoticeive the triangles 
applied at their grtateat sidcB, (or at any of their sides, 
if they are all equal), the hue ra will :Jw>ys fall 
within Ibe figure. " 

Ndtk 6. The definitian of a Perpendieukr gi%-ea in Simion's Euclid 
bsgins, " When a stnight line standing oa another straight litie mokes the 
adjacent angles equal, &c. ;" in which the bisection of an angle is plainly 
Bsiumed, i. e. nf an angle equal to two tight angles. 

It is of course perfectly oplionol to collect all the Dofinitioirt used in 
B work, and plsco them together at the beginning of it, or to introduce 
tbetD according as they are wanted. But in Geometry especially there 
are three important advantogee derivable from the latter method; so very 
important indeed, that it is suipiising they have been overlooked by Editors 
in general. 1°. The memory is less burthetied at the commencement 
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imbor to get bj besrt, many of nbich sn nol Bied for 
Deflniiiom mil be bettor understood wl.en the lasroar 
B gradually louTeraant wilb ibc ideas, phniMS, and BguKi rf 
lieamecrj. Tbcy will slto be better Collected on ucount of tbe asioeia- 
fim] CDDuecied with ibem as tliej stand Intbe bod; of a nark. 3°. Ths 
iBsia adTanlage ia this : that bj not inlioducing them till tbo; an mnUd, I 
we anODabled, bj the foreffoijiff articlfis^ to prove that our de6nitioiu an ' 
possible. Thua, in our dafiniiiDn of a porpendicular wo am pmn, (btl j 
one rigbt Una iianding on another ffiaji make the udjaoeut anglea eqiul ' 
to each other, and thcrerore that ve are net auuming what might bt 
chitaerical. 

NoTs H. The conitraction given ia our Rrst Kdilioa for this Paoauii 
might ban) porplflied a beginner in lome eases ; we Iberefore lubalitDM 
another, 

NoTi I. W» muit join the points 
t and B, c and d, which lie towards ^ ° 

the same hand ; for if mi joinod the 

lines might not be equal, though tc 
■nd Bs were pamllel. 

The points a and care Itkeafirtl in 
if they were Ukeu fiisl <B the greater 1 
two others " equally remot* " in the Iraser. 

of Ibelr Science in the Doctrine of Parallels 
forth in the Elements, has been jaitty denon 

Enclid." It i> the only vulnerable point in the anence; ana i)j iia BUi 
inaccnracy, that systematio chain of rigorous demoDstralion, which cooiti. 
Intes [he beauty and eicellence of Geometry. ia unhipjuly broken. Many 
atlempti bane been made to remedy this tmperfectiOD, to mpply this Indi*- 
peni'ablfl link ; but they have all bwn unfortunate. R. Simsan, the editor 
of the Euclid now iu use, employe two doRoitiona, an oiiam, and five 
theorems, fur tliia purpose, yet his feilure is complete. That the Antbur of 
suchan humble Treatise aj the present ^ould pretend to succeed, wberen 
many and so great men have been uosuccegsful, may naaonablj be cbd- 
sidered th* very height of self-delusion and self-sufficiency : but ha 
confines hts pretensions to this, — that his system of Parallels ia aimpler, 
shorter, and more strictly demonslradvo, than that given itt the eonimon 
Euclid. 

The objoctloo to Euclid's syirtem ia this, vii.: — In order to demoostnao 
the properties of parallel right lines, he oicume) u self-evident a piindple 
which is no( self-evident. This, in aadence which profesaet to gnund 
itself wholly on self-evident principles, is the greatest Imperfection ncit Id 
a false aaiumpllon. The system brought forward in our Treatise, it it 
believed, assumea no principle but what is immediately self-evident to the 
luostordlDsty capacity, and is as plain to the undorstauding of every perton 
as an axiom can possibly be- 
lt will easily be observed, by any one who compares thorn, how much 
marc simply and iliiocily the several results fallow Erom the System now 
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bronglit fonmi), than from Hie one ii 

alio, PnipgidliaDe in. lod ivii. of Euclid [Articles 36 and 38], -nliich 
■re properl; but aubordinsto teidIIs of Prop, uiu, [Articles 35 md 
37]» wen obliged to be introduced in order to prove Prop, xxxii,: a 
mofll niipbi]<]»npLical proccu, iuumucli ae the particular truths should 
alwayi ho deduced from the general one, and not rice seriA. By our 
method, Piop, turn., vliicb contamB Ihs mott beautiful result ind the 
moM powerful tbeoreiD of all (leometry, might be introduced so early u 
tlie IGlb Article, though ire poatpoue it U> the 3£tb, in order to a mom 
perfect Brraugemen t . 

Ndti K. In this demonitrUlon it it taken for granted, that as no 
other light line b'll CD can be pinllel to ir, therefore cd is. This mode 
of proof it common to Euclid, u in Art. lU [Prop. xir. Guc] But it 
certBiolf it not a logical nor legWraato inference tbat CD is pardlel to 
■r, vnlg because no other line is ; no mere than It li a logicul or legi- 
tiiaate inferenco in Art, 10, that ac is in a ri^t line with en, only he- 
cODte no other line it. Bnt the validity of both these proofs (and of all 
oihen limilar to Ihein) depenils on a telf-evident truth in the mind of 
the relder, vhich, because it it to obvious, writers on Geometry do not 
^ink it Beceiiary to mention. Thus, in Aht. 10, it is self-cviilent, that 
there tnust be lonu lino nbich, being added to bd, shall lie in the s&me 
right line with It -, and at it is there pron<d that no otlicr line except tc 



It line, 



w line 



the present Article Utiewise, it It ielf.^Tident that there must 

which, bting drawn through <he point b, shall lie parallel tc 

it is ptaied that no other Ibe except en can be this line, Iberetore on 

mnst belt. 

It may be asserted that this latter principle, tolieu is self-eiideot, it 
not so I and that consequently here our docttme of paiiillcls foils. To 
this il may be answered, that we conceiTe the principle must be self- 
eiident to nay one who has a clear notion of right lines. 

Smr h. The element in our lirst Edition for which the present is 
tubadtut«d,'Rillbc found in Aht. 1 QU, dcmonttrated from such principles 
only as an already eslahlishcd. 

Non M. As BD it auppased not parallel to »c if petpondieulais be 
dropped from a and D on ac, the; would be unetiuil, by Art. 19. Il 
will be most convenient therefore to dnw be from that vertei b. whose 
perpendicul IT distance from ici> supposed the least; for In tbis caie be will 
meet the perpendicular from the other vertex, n, below thit lertei, and 
theiefore alto one or both of tbo sides id, cd. 

Noti N. The common definition of a square is—" a four-sided Egure, 
which has all its sides equal, and lU its angles right angles." But this 
■teGoidoD it in part superiluout; for if but one of the angles be a r%ht 
ugle, it win follow (as in the noit Abt.) that aU the angles mutt be 
fight BBgles. Theiefore it is tuSdent to the defioitioa of a square, thul 
one of Itt angles be granted a right angle. 

Note O. Demonttralion of Art. 33. 

By Art. preceiling, in is equal to *D, and also if to m. Therefore, 
as AD uid m are equal, sn and et must he equal. Moreover, as the 
angles at i and a are right angles, b; preceding Art., ib and ir an the 
altitudes of tlicao prallelognuns {Da. XII). Hence, by Art. 23, »ci> 
is equal to efob. This, &c. 



ELEMENTS OF GEOMETRY. 

NonP. DeB.Qn8traliDn»rAi.r.S4. 

Suppose EH greater llian io, sod ei lakcn 1* tT 
equal lo .D. Also, lake kk equal lu ei, k 

aod dian il paiallol lo ek, and el parallel 

a pamllelngTKm vhoee adjiceot aide) are A D 

(Det. XIII,} ContequcDtl}', on the lamm suppasilion, E> 

equal to abcd, by preceding Art.; and llierofore to etch, 

ABCD and ETGH an giveo eqiiftl. But as a part cuiiiot be < _ 

vbole, tbjg in imposuble,«Dd the sbuve luppaiition must be fulie. In the 

lame Ray it can be proved tliat >D is not greawt than eh. Hence to ind 

EH muet be equal. This, &c. 

Note Q. In ordci la prevent splitting lhi> demonsti'stioli into eisei, 
we form the equal angle ibb nith that lide of ibc nbich it " not the 
greater :,'* for if >ve formed it with the gicaier aide, then the other side 
might fell either above, qpon, or below the taje ic, rendering a proof 
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theorem a Note, proving that when the nde not the greiler ie ehoBen. lbs 
point c vill alwayi fall below the base ic ; they generally divide it inW 
three caaes, and use indirect proo^. But the tubataoce of thia Nate 

Simaon'a Note in his edition of Eudid is Brroneous, ud totally ineeo- 
dniive. He says, that, " because c is in the cireumforeDce af a dnJe 
described from the centre ■ with the distance bo, [Seefgurt, Abt. 41,] 
\\. part of it which fB.lle abotc iii, the angle iBC b«n( 
'" " ■ ' lUld prove Ibal s 
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Of the Cii-de, 



LESSON VI. 



Observation. One extremity of a definite right tine 
nmBiDing- fixeii, if the line revolve about this point, it is 
evident that the other extremity will trace out a line which 
is every where equally distant from tbe fixed point ; and 
that if the line revolve progressively to its first direction, 
the line which it traces out will return into itself, so as 
totally to include a surface. 

Thus if AB be the right line, a its fixed ^ 

extremity, the line bcda will he traced y^ ^ 
out hy the progressive revolution of AB / i 

about the point a, through tbe points of J 

c, a, to its first direction AB. Also every V * I 
point of this line will be equally distant \ y^ 

Def. XIV. A Circle is a plane figure hounded by one 
line, such, that all right lines drawn from it to one and the 
same point are equal to each other. 

Dep. XV. In a circle tbe bounding line is called the 
Circumference, and the point to which tbe equal lines are 
drawn from the circumference ib called tlie Centre. [See 
Note R.] 

Art. 48. TTu; centre of a circle falls loilhin the circum- 

This is evident. [See Note S.] 
Abt. 49. A circle cannot have more than one centre. 
This is evident. [See Note T.] 
Dkf. XIV. Any right line terminated both ways in a 
circle is called a Ouird of tbe circle, or of the arch it cuts 




IS BI.BH8MTS or OEOHZTRT. 

Thus in the circle (Art. 50) abc, ab is a chord of the 
, arch ACD, or afb. 

Art. 50. Aright line perpendicular to a chord through 
I (ft middle point, will past, if produced, through the centre 
of the circle. 

Let DC be perpendicular to ab at ifs. c 

middle point D. Then the centre of ihe 
circle ABC must be in the direction of nc. 

Dem. If the chord ab pass through 
the centre, its middle point must be the 
centre (Def. XIV.) as is plain ; there- 
fore the line dc, in this case, wonld also 
pass through the centre. If the chord ab do not ] 
through the centre, the line dc passes tiirough it. 
suppose the centre to lie any where out of the direction 
as at e ; and draw ea, ed, kb. Then in the triangles edb, 
EDA, EB would he equal to ea, since e is the centre ; I>b is 
given equal to da; and ed is a common side. Therefore, 
by Art. 6, the angle edb would be eijual lo eda, ar 
sequently each would be a right angle by Def. VI. But 
cdb is B right angle, because cd is a perpendicular. Con- 
Hequeijtlj, on the above supposition, the angle edb would 
be equal to the angle cdb, by AttT. 8,— the whole to a 
part, which is impossible, — Hence, the above supposition 
is false ; that is, the centre does not lie out of the perpen- 
dicular DC, hut in it. This, <Src. 

Prob. XI. Tojiiul Ike centre of a given circle. 

Let ABC be a circle. It is required to 
finil the centre of it. 

CoNSTHucTioN. Dtbw iixj chord *c in' 
the circle, and divide it at the point d into 
two enuat parts, by PnoB. V. Through n 
draw (lie chord be perpendicular to ao, by 
Phob, VIL, and divide be into two equal 
pariB at r. Then p b the centre of the a~ — L-^''^ 

Dehonstbai ION. By Abt. 5n, the chord be [lasaes through 
the centre of the circle. — Hence, by Dsf. XIV., its middle point 
r is the centre of the circle. This was what was required by the 
preeent Article. 




Art. £I. In a circle, aright line from the centre per- 
pendicular to a chord divides it into two equal parts. 

Let ABC be a circle, D its centre, and 
OB a perpendicular to the chord ab. 
Then AE ei)uals eb. 

Dem. Draw da, db. In tbe triangles 
SEA, DEB, the sides da and db are equal, 
by Def. XIV".; and tberefore also the 
angles at b and a, bj Art, 4. Moreover 
the angles dea, deb are equal by Dep. 
VI. — Hence, by Anx. 46, the aides ea and eb are equal. 
This, &c. 

Art. 52. la a circle, a right line through the centre 
dividing a chord which does not pass through the centre 
into two equal parts, is perpendicular to it. 

Let ABC be a circle, d its centre, and 
DE a right line dividing the chord ab 
into two equal parts at E. Then de is 
perpendicular to ab. 

Dem. Draw da, db. In the triangles 
DEA, DEB, the sidcB DA and db are equal 
by Def. XIV. ; the sides ea and eb are 
given equal ; and the side de is corn- 
man. — Hence, by Art. 6, the angles Di 
equal; that Js, de ia perpendicular to ab, 
■Hiis, Ac. 

Art. 53. A right line cannot meet the circumference of 
a circle in more than two pomts. 

Let ABC he a circle. A right line 
cannot meet its circumference in more 
than two points. 

Dem. For suppose ac to be a right 
line and to meet the circumference in 
three points, a, b, c; and draw da, 
DB, DC, from the centre D. Then as 
DA and DC are equal, the ani;les dac, 
DCA, are equal, by Art. 4 ; but the angie dbc is greater than 



«id DEB are 
, by Def. VI. 
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I OAC by Akt. 36, and therefore greater than dca. Con- 
1 'BequeDtly DC would be greater tbaii db, by Art. 4'2. But 
^ DC is also eqaal to db by Def. XIV., wbich is impossible. 
J Hence the abore suppoGition is false; AC does not meet the 
I circle in three points ; that is, it does not meet it in more 
iMH two. This, &c. 

Art. 54. If a right line meet a circle in two points, that 
I part of it between ike pointu lies Kholly within, and those 
I parts of it not between the points lie wholly without the 
circle. 



it meet the c 




I 



y precedini,' Akt. ; for the line c 
ice again. 

EP, XVII. A right line which 
[ meets a circle in two points but 
IB not terminated in both, is called 
a Secant. 

Thus, in the annexed fi^re, 
DB or DC is a secant. [See 
■ Note U.j 

Dkp. XVIII. A right line drawn from the centre of . 
a circle and terminated in the circnmference, is called » • 
Radius. 

Def. XIX. A right line drawn through the centre of a 
circle, and terminated both ways in the circumference, ia 
called a Diameter. 

Art. 55. In, a circle, a perpendicular to a diameter, at 
Hi extremity, meets ike circle in but one point. 

Let BCD be a circle, db a diameter of it, and bb a per- 
pendicular to it at its extremity a. Then 
BE meets the circle bat at the one point B. 

Dem. For suppose Be to meet the 
circle again at the point F ; then if A be 
the centre, as ab and af would be equal, 
the angles ABf, Afb, would be equal, and 
consequently, by Art. 38, both would he 
acute. But ABF is given a right angle. 
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Therefore the above supposition is impoNsible ; that 15, be 
meets tbe circle bat in one point B. This, &c. 

Dbf. XX. A ri^'-bt line which, however produced, meets 
8 circle in but one point, is called a Tangent to that circle. 
[See Note V.] 

Art. 56. If a right line be a tangent to a circle, the 
radius drawn to the point of contact ia pefpvndicwlar to the 
tangent. 

Let BDB be a circle, ba a tangent to 
it, and CB a radius drawn to the point 
of contact B. Then cb is perpendicular 



DE^f. For suppose that cb is 
perpendicular to ba, bnt that cf is 
perpendicular from the centre upoi 
Then, as by Art. 38, the angle 



lot 




Phob. XII. Fi-oma ghenpni-at -withoiLt a givencircle, to draw 



.ight li.„ 



the circle. 




lich shall bf a 

I circle, and o a 
iwint outside of it. It is re<juired 
to draw from the point d a right 
line which elml] be a tangent to 
the circle abc 

Cons. Let s. tbe centre of the 
circle be found by preceding 
Pbob. ; and join db. At the point 
A where the line ns meela the cir- 
cle let the perpendicular af be 
raised by Pbob. VII. With the cer 

let a circle miF be described, nieetinf; tbe perpendicular ap, pro- 
duced, if necessary, in the point r. Join fe, and I'rom the point 
b, where the Une fe meets the circle, draw tbe right line bd. 
'I'hen B» is a tangent from the point d lo the circle abc. 

Deu. In the triangles edb, efa, the sides ed, eb are re- 
spectively equal to tlic sides ep, ea, being radii of the & 
circles; also the angle at E is common. By Akt. '2, thei 
the angle ebd is equal to the angle eaf, that is, it is a right 
angle. Hence, by Abt. ^5, the right hne sb is a tangent. 
This, &t. 

oil. It is evident that from the same point outside s circle 
two tangents may be drawn to the circle. 



and the distance bi 
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would be greater than cbf, the side cb would be greater 
than CF, by Art. 42. Consequently the radius co, which 
is equal to cb, would be greater than cf ; a part greater 
than the whole which is impossible. Therefore, the above 
supposition is false ; cf is not perpendicular to ba, nor is 
any other line but cb. This, &c. 

Art. 57. ^ a right line be a tangent to a circle, the 
perpendicular to it at the point of contact will, if produced 
.sufficiently, pa^s through the centre. 

Let BDC be a circle, ba a tangent to 
it, and Bc perpendicular to ba. Then 
bc passes through the centre of boc. 

Dem. For suppose bc not to pass 
through the centre, but that the centre 
lies outside of this line, as at e. Then, 
by Art. preceding, the radius eb would 
be perpendicular to ba, and the angle 
£BA a right angle. Consequently, as bc is granted per- 
pendicular to BA, the angles eba, cba, being both right 
angles, would be equal, by Art. 8, — which is impossible. 
Therefore the above supposition is false; the centre e 
does not lie out of the right line bc. This, &c. 
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Art. 58. The diameter of a circle is the greatest chord 
which can be drawn in it. 



Let ADB be a circle, ab a diameter of 
it, and de any other chord in it. Then 
ab is greater than de. ^ 

Dem. Draw cd, ce. By Art. 43, 
CD and CE together are greater than^ 
DE ; but CD and ce together are equal 
to CA and cb together (Def. XIV.) — 
Hence ab is greater than de. This, 
&c. 
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Def, XXI. Rigbt lines are said to be equalli/ distant 
from the centre of a circle when the perpend tculars druwn 
to tbem from the centre are eqnaL And one right line is 
Bsid (o ha fertlier from the centre than another when the 
perpendicular on the former is greater than that on the 
latter. 

Art. 59. Ckordt tquaUi/ distant from the centre of a 
oirele are equal. 

Let AB, CD, be two chords of the 
circle ABC equally distnnt from the 
centre e. Then ab equals CD. 

Dem. Draw the radii ea, ec ; also 
the respective perpendiculars ef, eg, 
which by Def. XXI. are granted equal, 
By Aht. 47, the square of ea is equal 
to the square of ef and the square 
of AF together: likewise the square of EC is equal to the 
square of eg and the square of cG together. Consequently, 
M EA eqoals EC, — and, therefore, by Art. 33, the equare of 
BA equals the square of f.c, — the square of EF and the square 
of FA together are equal to the stjiiare of eg and the square 
of CG together. Therefore, if from these equal quantities 
we take respectively the squares of ef and of eg, {whicii 
squares are equal by Art. 83), the square of af will remain 
equal to the square of cg ; and consequently ap is equal 
to CG, by AtiT. 34. — Hence, as af is half of An, and CG 
is half of CD, by Art. 51,— ab is equal to cd. This, &c. 




Att.fiO, Eijual chords in a circle an 
from the centre. 

In the circle abdc, let the chords ab, 
CD, he equal. Then they are equally 
distant from the centre. 

I the pel 



equalli) distant 



ab, CD, heing givi 
(Art. 51), af, co 
therefore the squan 
33. But the squar 



is before. Then 
equal, their halves 
a also equal, — and 
)f AF and of CG are 
>f AF and the squnrt 
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are equal to tbe square of ea ; also the square of CG and 
the square of eg tog-etber are equal to tbe square of EC, liy 
Art. 47, Therefore the square of af and square of ep 
together are equal to the square of cG and tbe square of EQ 
tog-ether. From iheae equals, take away respectively the 
equal squares of ap and of CG, and the square of ef will 
remain equal to the sijiiare of eg. Hence, by Art. 34, ef 
13 equal to eg ; that is, tbe chords AB and CD are equally 
distant from tbe centre. This, &c. 

Art. 61. In a circle the chord which it nearer to tht 
centre ia greater than that which ii farther off. 

Let AB, CD, he two chords of the circle 
ABCD, of which AB is nearer to the centre \ 
£, than CD is. Then ab ia greater than { 

CD. 

Dhm. Draw ee, eg respectiyely, per- 
pendicniar to ab, cs ; and since, by 
Def. XXI. eg is greater than ef, take 
KH equal to EF, and draw through h the chord is. perpen- 
dicnlar to ea. By Art. 59, ik is equal to ab. Bnt ik ia 
greater than cd by Art. 44 ; for in the triangles iek, ced, 
the two sides ib, ek are respectively equal to the two ce, 
^D, and tbe angle iek is greater than ced, — Hence ab also 
is greater than cd. This, &c. 

Art. 62. From any paint mhich is not the centre of a 
circle, the greatest right line that can be drawn to the cir- 
cumference ia that wkick actually passes through the centre. 

Let E be any 
point different 

tre of the circle fif^ 
ABF. Then : 
which pas$ 

through the cen- 
tre is greater than any other line, as kf, drawn to the 
camference. 

Dem. Draw df. By Art. 43, ed and df tc^ether 

greater than ef ; but ed and df together are equal to 
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Art. 63. From any point which t* not the centre of a 

rircle, the least right line that can be drawn to the circum- 
Jerence is thai which does not, but which would, if produced, 
pasir through the centre. 

Let E be any point 
different from o, tbe 
centre of tbe circle 
CPB. Then ec, which 
would, if produced, 
pas8 through tbe cen* 
tre D, IB less than any o 
circumference. 

Dem. Draw dp. By Art. 43, ef and ed (in fig. 1) 
together are greater than df, and therefore greater than dc. 
Hence, taking away the line de, whi<;h is common, ef re- 
mains greater than ec •- In fig. 2, EF and fd together are 
greater than ed. Hence, taking; away pd and cD (which 
are equal) fiom bath respectively, EF remains greater than 



le, such as ef, drawn to the 



This 

Art. 64. If from any point not the centre of a circle 
two right lines be drawn to the circumference, which make 
irith thai drawn through the centre, equal angles opening 
towards the same parts, these two lines are equal. 

Let E be any point different from d, the centre of the 
circle gfc ; and ef, eg, two right lines making jvith ec 




equal angles, fbc, gec, opening towards the same band. 
Then EF and eb are equal. 
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De-m. Dnw ihe respective perpendiculars Di, dh. In, 
tbe triaogles dhe, die, siace there are tiro angles DHB, 
DEH, respectively eqoal to two, die, dei, and the side DK 
common, — the side dh also equals the side di, by Art, 46. 
Consequently, the chords on which these perpendicalus 
&II are equiki by DsF. XXI. That is, in fig. 1, ef is eqiul 
to eg. 

In Gg. 2 and 3, fk eqaals CL, therefore by AnT. 51, hf 
equal*; Gi. But in the triangles DHE, die, he is cqaal to 
IE hv Art. 46. Heuce, hf and he togj^er are eqaol to 
CI and IK together; that is, fe is equal to GB. 

In fig. 4, where tbe perpen- 
diculars DH, DI are let fall on 
the produced parts of EF and eg, 
these parts fk, gl, are equal as 
before.and therefore their halves 
also, HF, IG, by Art. 51. But 
in the triangles dhe, die, he 
is equal to ie, by Art. 46. — 
Hence, taking away from these equals the equal; 
respectively, the remainders, i.e. ei 

If EF and eg should be both 
tangents, as in fig. a, then draw- 
ing DF, DG, in the triangles def, 
DEG, the angles dge, dfe, are 
equal by Art. 56. Also, the 
angles deg, def are granted 
equal, and the side df is equal 
to tbe side DG. — Hence, by Art. 
This, &c. [See Note W.] 




hut either tcithin or on the circumference, two right litut 
be drawn to the circun^erence, which make iciih the right 
line drawn actually through the centre, unequal angkt 
opening towards the same parti, that which makes the 
imaller angle is greater than the other •. 

* II it evidBDt tint the lioe making tlie amaUcr angle will be nearer 
•0 ths line puuDg llitougli tbe centre th>n the olher; hut it !■ mure 
ncB the propoeiiiDD in tbii mj, Ihui bf 
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Let A be a point different 
from F, the centre of the circle 
DBc, and either within l.hp cir- 
cumference or on it. Then 
AB, which makes with ad the 
angle bad, is greater than Ac, 
which makes with ad a greati 



Dem, If AB »nd AC be on the same side of ad, as in th« 
above figure,— drawing the radii fb, fc, in the two trian- 
gles AFB, AFC, tht sides FB and fc are equal, the side fa 
is common, but the angle afb is greater than afc. Hence, 
by Art. 44, the side ab is greater than ac. 

Again : If ab and ac be at 
different sides of ad, as in this 
figure, draw ae making the an- 
gle DAE equal to dab, but at 
different sidesof ad. Then, by 
Art. 64, ae and ab are equal. 
But, by preceding part of this demonstration, af is greater 
than AC. Hence also ab is greater than Ac. This, &c. 

Def. XXn, If from a point outside a circle, two tangents 
be drawn to the circle, and the points of contact be joined 
by a right line, that part of the circumference lying within 
the triangle thus formed is called the Convex, and that part 
of the circumference lying without this triangle is called the 
Concave part of the circumference, with respect to the 
given point. 

Thus, if AB and AC be tan- 
gents to the circle bcd, the 
part BEC is the convex, and 
BDC the concave part of the 
circumference, with respect to 
the point A. 

Art. 66. Iffromapoint outside a circle imo i-ight linei 
be drawn to the concave part of the circumference, which 
make with the right line through the centre unequal angle), 
that which makes the smaller angle it greater than the. othe): 
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A RT. 67. If from a point outside a circle two right Unu 
be_drawn to the convex part of the circumference, wAicA- 
Tnake with the right line through the centre unequal anglei, 
that which makes the smaller anglei^ less than ike other. 

Let ABand AC 
be drawn to the 

the circle bcd, 

from the point a 

without it. Then ab, which makes with ad theang^e bad* 
is less than ac, which makes with ad a. greater angle. 

Dem. If AB and Ac be on the same side of ad, as in 
tig'. I, drawing' the radii fb, pc, in the two triangles Afb, 
AFC, the sides fn and fc are equal, the side fa is common, 
hut tbe angle afb is less than the angle afc. Hence, by 
Art. 44, the side ab is less than the side ac. 

Again ; if ab and ac he on different sides of AD, as in 
fig, 2, draw AE making the angle DAE equal to dac, but at 
different sides of ad. Then, by Art. 64, ae and ac ore 
equal. But, by preceding part of this demonstration, ab ii 
less than ae; — hence also ab is less thanAc. This, &c. 

I Art. 68. More than two equal right lines cannot be 
drawin to the circuraference of a circle from any one point 
but the centre. 

For, if from any point but the centre three right lines be 
drawn to tbe circumference, either one will pass is the direc- 
tion of the centre, and therefore be greater or less than 
each of the others, by Articles 62 and 63; or none of 
them will lie in the direction of the centre, and therefore 
two of them will lie at the same side of that direction, which 
two will be unequal, by Articles 65, 66, and 67. 
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DBF. XXIII. A rectilineal figure 
in a circle when the vertices of all it 
the circumference of that circle. 




Art. 69. The opposite angles of ajhvr-sided rectilineiil 
^figure inscribed in a circle, are together equal to two right 
angles. 

Let ABCD be a four-sided rectilineal 
figure inscribed in the circle acd. Then 
tbe angles arc, adc, together, as also the 
angles bad, bcd, together, are equal to 
two rigbt angles. 

Dbm. Case 1. When the centre ia at e 
within the figure, draw the radii ea, eb, 
EC, ED. Then, because these radii are equal. — by Aht. 4 
theaDglea eba,ebc, eda, edc equal, respectively, the angles 
EAB, ECB, ead, ecd; that is, (as the first four angles make 
up ABC and ADC, and the last four angles make upDAB, dcb,) 
the opposite angles, ABC, ADC, together,are equal to the oppo- 
site angles, dab, dcb, together. Hence, as these two pair of 
angles are together equal to four right angles by Art, 40, 
each opposite pair must be equal to two right angles. 

Case 2. When the ceotre e is on one „ 

aide of the figure, draw the radii eb, ec. 
Then, by Art. 4, the angles eba, ebc, 
EDC, are respectively equal to tbe angles 
EAB, ECB, ECO; that is, the opposite 
angles, abc, edc, together are equal to 
the opposite angles eab, bcd, together. 
Hence, as these two pair of angles are together, equal to 
four right angles, by Art. 40, each opposite pair must be 
eqaal to two right angles. 

Cane 3. When the centre e is 
without the figure, draw the radii 
BA, eb, EC, ED. Then, by Art. 4, the 
angles eba, ebc, edc, are respect- 
ively equal to the angles eab, ecb, 
kcd; that is, abc, edc together are 
equal to EAB, BCD together. But 





e called Seg- 



i and £AD are also eqnal, by Art. 4 ; therefore, takings 
KWkj tbeEe equal quantities from either side, there will 
remain the opposite angles abc and adc together, equal to 
the opposite angles sab and BCD together. Hence, as 
theae two pair of angles are together equal to four right 
angles, by Art. 40, each opposite pair must be equal la 
two right angles. This, &c. [See Note X.^ 

Def. XXIV. If any geometrical figure or magnitude be 
divided into two or more parts, these parts " ' " 

ments. 

Thus if the circle BCD be divided by 
the right line ab, the parts acba, adba, 
are called segments of the circle ; and 
ACB, ADB, segments of the circum- 
ference. 

Oba. Segments of the circumference 
are usually called arches or arcs. " 

Segments of a circle may be made by any kind of line 
dividing the circle into two parts ; but in Plane Geometry 
the only segments of a circle considered are those made by 
a right line so ilividing the circle. From this circumstance 
the name "segment of a circle" has been appropriated 
solely to figures included by arches and their chords, as 
ACBA, ADBA, in the diagram above. 




' PaoB. XIII. An arch of a cirek being gi-aen, to describe tkt 

eirele of wh icli it is the arch. 

Let ABC be the given arch. It is re- ^ 

quired to describe the drcle of which it is y-' ^ 

the arch. z' 

Cons. From any point in the given arch, / \ ,.■ \ 

as B, draw two chords of the arch ba and '" 

BC. From the middle point of each chord 
raise a perpendicular to it by I'hob. VII, 
Then the point n, where tfiese perpen- 
diculars meet, is the centre of the required 

Dem. By Akt. 50, the perpendicular tb 
each chord passes through the centre. 
— these per|iendiculars intersect i 



r through the middle of 
re. Hence, the point where 
be the centre. This, &c. 




Dep. XXV. When ai 
cirt^le, and its sides terminated i 
arch, this ang'le is called the Angle in a 
aegment of the circle. ..^^/VN 

Thus, the angle at c is the angle in f / \ p 
the segment of the circle acba. 1/ \j 

Art. 70. The angles in the same seg- 
menl of a circle are equal. 

Let ABD, ACD, be two angles in the .-tt-tIP 

name segment abcd. Then tbey are /lx\\ 

Dem. Draw from any point e in the ( // ^\j 
other segment of the circumference, the ^. ■/" 

right lines ea, ed. By preceding Art. ~ -^^^^ 

the angles at e and b are together equal 
to two right angles ; as also the angles at E and c taken 
together. Tlierefore the angles at e and b together are 
equal to those at e and c together. Hence, taking from both 
sides the common angle at e, the angle at B remains equal 
to the angle at c. Thia, &c. 

Art. 71, The angle in the segment of a circle it half of 
the external angle ai the centre whose sides are terminated 
in the extremities of the corresponding arch. 

Let ABC be an angle in the segment 
ABCA, and ADC the external angle at the 
centre. Then abc is half of adc. 

Dem. Draw tlie radius de dividing 
the angle adc into two equal parts, and 
join ae, cb. Since in the triangles adb, 
EDC, the two sides ad, de, are equal to 
the two ED, DC, and also the angles con- 
tained by these sides are equal, the angle dea must be equal 
to the angle dce, by Art, 2. But in the triangle edc, the 
three angles dce, dec, edc, are together equal to two right 
angles, by Art. 37 ; therefore also the angles dea, dec, 
Euc, are together equal to two right angles. Consequently 
the angles dea, dec, edc, or axc, edc, together, are equal 
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to the angles aec, abc, togetber ; tbese being', by Art. 69, 
aUo equal to two right angles. Hence, taking away the 
common ijuantity AEC from both, Edc remains equal to ABc; 
that is, ABC is equal to half tiie angle ADC. This, &c, [See 
Note Y.] 

Def, XXVL The segmentB into which a circle is divided 
by its diameter are called Semicircles, 

Art. 72. Tlie angle in a semicircle is a rightangle. 

Let ABC be a semicircle. Then any b 

angle in it, as ABC, is a right angle. 

Dem. From the centre E draw the ra- 
dius ED. By Art. 4, the angles eda 
and EAD are equal ; as also the angles 
edc and ecd. Consequently, the whole 
angle auc is equal to the two others dac, dca, together. 
Hence, an the three angles together are equal to two right 
angles, (Art. 37,) adc must be equal to one right angle. 
This, &c [See Note Z.] 

Art. 73. The angle in a segment greater than a aemi- 
cirele is less than a right angle. 

Let ABC be a segment greater than a semicircle. Then 
ADC is less than a right angle. 

Dem. Draw the diameter cE ; join ea ^ 

and cA. By preceding Art., the angle 
eac is a right angle ; therefore, by Art. 
38, the angle aec is less than a right an- 
gle. Hence, as adc equals aec, by Art. 
70, the angle adc is less than a right 
angle. This, &c. 

Art. 74. The angle in a segment less titan a semicircle 
i' greater than a right angle. 

Let ABC be a segment leas than a semi- 
circle. Then ADC is greater than a right 

Dem. Join a and c with any point e 
in the other segment. By Art. 69, the 
angle D with the angle e is equal to two 
right angles. Hence, an the angle e by 



lost Aht. is less than a right angle, the angle d must be 
greater than a right angle. This, &c. 

Art. 75. If a tangent and a chord of a circle be drawn 
from the same point, the angle between them is equal to the 
angle in, the alternate segment. 

Let AB and AC be a tangent and chord 1 

through the same point A of the circle 
AED. Then the angle cab is eqaul to 
the angle cda in the alternate segment 

CD A. 

Dem. If the chord ac pass through 
the centre, as in iig 1, the angle cda is 
a right angle, by Art, 72 ; and by Art. 5G, thi 
ie idso a right angle. Hence, by Art. 8, these 

Again, if the chord ac do not pass 
- through the centre, hut falls as in fig. 2, 
draw AF through the centre, and join re. 
By Art. 72, the angle acf is a right 
one, and therefore by Art. 37, the two 
angles apc, pac, are altogether equal to a 
right angle. But by Art. .56, the angle 
FAB is a right angle ; and therefore equal to the angles afc, 
FAC, together. Consequently, taking away from both sides 
the common angle fac, there remains the angle cab equal 
to afc. Hence, as afc, cda are equal, by Art. 70, the 
angle cab is equal to the angle cda. 

Finally : if the chord ac make an oh- 3 

tuie angle cab with ab, as in fig. 3, then 
the angle cae will be acute. Draw AF, 
cp, to any point e in the segment alter- 
nate to CAE, and by the preceding part 
of the demonstration, the angle cae wiH 
be equal to the angle cfa. But by Art. E a b 

69, the angles cfa and cua together are equal to two right 
angles ; therefore also the angles cae and cda are together 
equal to two right angles, that is, to the angles cae and 
cab together, by Art. 9. Taking away from both the 
common angle cae, there remains the angle Cda equal to 
the angle cab. This, &c. 

D 3 
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Of Circles. 
I Art. 76- If two different circles meet o 
■-■eonwoi have the tame centre. 

Let ABC, ADE, be two circles meeting 
in the point a. Then these circles 
cannot hare the same centre. 

Dem. Let F he the centre of one of 
the circles ade ; draw the right line FA 
to the point of meeting', A, and another 
right line fdb intersecting both circles 
nt different points, d anil Jt. Then 

B unequal to fd, fb is also unequal 







e of the circle 



Which, &c. 



Hence p 






One circle cannot meet another 

<o points. 

This is evident. [See Note AA.} 

Obs. It is plain that one circle may meet another in two 
points. 

Art. 78. If one circle meet another in t«io points, one 
portion of the former will be wkollt/ mlhin and the other 
icholly without the latter circle. 

This ia evident. [See Note BB.] 

Def. XXVIL When one circle meets another in two 
points, it is said to cut it. 

Abt. 79. If two circles htwing their centres at the tKO' 
extremities of a given finite right line pass through the 
same point on that finite line, thei/ meet in that point, but 

Let cde, fgh, he two circles _ c 

whose centres are at the op- 
posite extremities of the right 
line AB, and whose circum- 
ferences pass through the same 
point of the line i. Then these 
circles meet at no other point 
but J. 
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Dem. It 19 plam tbat both passing- through i, they meet 
&t that point. But they meet at no other. For on the siip- 
poxition that they meet at a Beeond point k, the right lineR 
AK, BK, drawn from the centres a and b to that point, 
would be tog-ether greater than ab by Art. 43. But as 
AK equals Ai, and bk equals bi, (being radii of the same 
circles,) AK and bk together are not greater than ab, but 
equal to it. Hence, the abore supposition is fotse ; tbat is, 
the circles do not meet in a second point. Which, Sic, 

Dkf. XXVIII. Circles which meet in but one point are 
said to touch each other. [See Note CC.J 

Obs, Hence it is evident that if two circles touch, one 
must be either wholly within or wholly without the other, 
— else they would meet in a second point. 

Def. XXIX. The point where two circles touch is called 
the point ofcontavt. 

Art. 80. Iftino drchu touch, the right Une joining their 
centres, if pToduced,wiUpass through the point of contact. 

Let CFG, CHI, be two circles j 

touching at c. Then the right line 
AB joining their centres ( '" 
through c. 

Dem. For if we avppose \3 not 
to pass through c, let the radii CA 
and CB be drawn. Then, by .\rt. 43 
tt^ether are g-reater than ab ; that it 
are respectiTely equal to ac and bc, 
as radii of the same circles) would 
be together greater than ab, — a part 
greater than the whale, which is im- 
possible. In Sg. 2, BA and Ac are, 
by Art 43, together greater than 
BC ; that is, than be (nhich is equal 
to BC, as radii of the same circle 

CHi)- Consequently, taking away the common quantity 
BA. there wonid remain Ac greater than ab. But AC \» 
equal to AD (being radii of the same circle cfg) ; and there- 
fore AD would be greater than ae, — a part than the whole, 
which is impossible. Hence the above supposition is false: 
that is, ab passes through c. Which, Ac, 
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Def. XXX. Equal circles are those which, if applied 

centre to centre, would exactly coincide with each other. 

Art. 81. Equal ctrclex have equal diameters. 

For if the centres were applied, the circTimferences would 
coincide, by preceding Def, ; therefore any diameter of 
the one circle would coincide exactly with a diameter of 
the other, and consequently be equal to it. This, &c 
[See Note DD.] 

Art. 82. In equal circles equal chords cut off' aqual 

Let ABC, DEF, be two equal ^ 

circles, whose chords ab 
DE are equal. Then 
the arches agb and uhe 

Dbm. If the chorda be 
diameters, the arches will be 

halrea of equal circles, and therefore equal. If the chords 
be not diameters, draw the radii ia, ib, and kd, ke ; and 
by Art. 6, the angle at k is equal to the angle at i, heoause 
IA, IE, and AB are respectively equal to kd, ke, and de. 
(Art. 81.) Therefore if the centres were so applied that 
KD would &11 upon lA, and KE upon ib, the chord SE would 
eicactly coincide with the chord ab, because the radii of 
both circles are equal. The circumferences would aUo 
coincide, the circles being' equal, by Def. XXX. ; and the 
part DHE with the part AGB, which are therefore equal. 
This, &c. [See Note EE.] 

Art. S3. In equal circles equal arches have equal bases. 

Let ABC, DEF, be two equal circles, whose segmenta 
AGB, DHE, are equal. Then also ab and DEare equal. 

Dem. For if AB and DE be 
supposed unequal, and that 
one of them, as de, were ■*■/- 
the greater; and that i 
portion of DE were 
to AB; and that with i 
centre and ni as distance 
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s circle cutting dhe in k v/eie liescribed, and that finally dk 
were drawn. Then as di, or dk, and ab are supposed eqnal, 
the arch dhk i», by Art. preceding, equal tu the arch 
AOB, and thtrefore to the arch dhe, — a part to the whole, 
which JB impossible. Hence the ahove supposition is blse; 
that is, DE and ab are not uneijual. This, &c. 

Ob). It is plain that these two latter Articles are true, 
as well of the segments of the circles, as of the segments 
of th, »■„..»/„„„.. 

Art. 84. In equal circles, equal angles, whether they 
he at ike centres or the cirucinferences, stand upon equal 

Let ABi, CDK, he two equal 
circles, having the anglei ' " 

H at the centres as in 
^-or the angles e and i 
circumferences as in 

3, 4,— eqnal. Then th( 
AIB and CKD are equal. 

Dem. Part 1. In fig 
triangles agb, chd, the i 
to the sides ch, hd, (Art. 81,) 
are given equal. Hence, hy Ai 
that is, hy Art. 82, the arches a 

Part II. In fig. 3, the equal 
angles e and f at the circum- 
ference being acute, the angles 
G and H at the respecliye cen- 
tres, being their doubles, by 
Art. 71, — are also eqnal. 
Hence, by Part I., the arches 
Aia and ckd are equal. 

Part III. In figa. 3 and 

4, the angles e and F at 
the circumference being either 
right or obtuse ones, let both 
be divided into two equal parts, 
AEi, BEi, and CFK, dfk, 
which will then be acute. 



F at the 
figs. 2, 




0© 
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Also the angle aei will be 

pqnai to the angle cpk, and 

the angle BE! to the angle 

OFK, as tbe trhole angles 

themBelveG are given equal. 

Hence hyPARTll.thearches i R 

onwhicb the anglesAEijCFK 

stand, will be equal ; and also the arches on which the angles 

BEi, DTK stand ; therefore the whole arch aib will be equal 

to the whole arch ckd. These were the assertions, &c. 

Art, 85. In equal circles, the angles ttihich stand upon 
eaual arches are equal, whether they be at the centres or 

Let AEB, CFD, be two equal circles, with the angles g 
and H at the centres, as in fig. ], — or the angles e and F 
at the circumferences, as in ligs. 2, 3, 4, — standing upon 
equal arches aib, ckd. Then also these angles at c and 
H, E and F, are equal. 

Dem. Paht I. In fig. 1, I J r 

as the sides ab and cd are 
equal, by Art. 83 ; and as 
AG, GB are respectively 
equal to ch, hd, by Art. 
81, — the angles at g and h 
are equal, by Art. 6. 

Part II. In fig. 2, (the 
equal arches aib, ckd be- 
ing semicircles,) thi 



semicircles and consequent- 
ly the angles at E and 
Art. 72, are both right 
Hence, by Art. 8, they are equal 

PahtIII. Infigs.3and4, 
(tbe arches being either less 
or greater than semicircles,) 
tbe angles G and h at the 
respective centres are equal, 
n Part I Hence in 
Dfig. 3, tbe angles at b and f 




are equal, because they ere 
hnlves of those at O and H, 
by Art. 71. Also for the 
same reason, the angles at 
I and K, m li^. 4, are equal. 
But the angles at i and e 
eqnal to two 

Dy Art. 69, and therefore equal 
tog-ether. Hence, taking away frt 



are together 
fight angles, 
at K and f 
the equal i 




Thes 



t and K, the angles 
' the assertions, &c. [See Note FF.] 



drcle parallel chords intercept f 



A RT. 86. These latter four articles, it in evident, e 
for the same circle as well as equal ones. 

Art, 87. 

Let A8, CD, be two parallel chords ii 
circle abdc. Then the arches ac, bi 

Dem. Draw AD, and the angles 
DAB are equal, by Art. 12, Hence, by 
Art. 86 and 84, the arches AC and bd are 
equal. This, &c. 



Fhob, XIV. To divide allien urck of a circle into two igitai 

Let ABC be a given arch. It is required p 

to divide it into two equal parts. a^ '" -■■-""^'.■^c 

Cons. Draw the right line ao, joining ^-iiiLi-"^ 

the extremiliea of the given arch. Divide b 

AC equally at the point d, by I'boii- V., and f rom the point d raise 
DB perpendicular to Ac, by Prob. VII. Then b will be the 
middle point of the arch abc. 



Dbm. Draw the right lines 
oiiB, since the side db is C( 
and the angle adb eijual 



,n<l 



In tlie triangles asb, 
X AD is equal to do. 

Hence, by Art. 8(i and 






OF 

Art. 88. In a circle, the chords juining the extremilies 
of equal arches, and not intersecting, are parallel. 

Let AC, BD, be two equal arches of the 
circle ABDc. Then the chords ab, cd, are 
parallel. 

Dem. Draw ad, and the angles cda,dab, 
are equal by Art. 86 and 85. Hence by 
Art. 15, the chords ab and cd are parallel. 
This, &c. [See Notk GG.] 



Of Rectangles. 



Dep. XXXI. A Rectangle is a right angled parallelo- 
grain. 

ThuB, in the parallelogram abcd, if - 
the angles be right onea, then abcd is 
called a Rectangle. 

Obs. 1. When we wi^h to specily a ^ 

rectangle, instead of specifying the four ~ 

letters at its angles, we often specify merely the two letters 
at its opposite angles. Thus, in the above figure, instead 
of saying the rectangle abcd, we say the rectangle AC, or 
the rectangle bd, — for brevity's sake. Parallelograms of 
any kind are often specified in the same way. 

Obs. 2. The surface of a rectangle, as AC, is plainly limited 
in the direction from ab to cd by the length of ad ; and in 
the direction from ad to bc by the length of ab. This 
gives rise to another very usnal way of specifying a rect- 
angle, namely, by help of any two of its adjacent sides. 
Thus we specify the rectangle ac, by saying — the rectangle 
v,nder the sides ab and ad ; or the rectangle under ad and 
DC. It is used merely to save the trouble of specifying 
the four sides. 

Also : when we make use of the expression — " the rect- 
angle under two lines," — these lines being perhaps separate, 
we mean the rectangle which might bejormed with one of 
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these lines as base, and a line equal to the other as the side 

adjacent. Thus, if ab, cd, be a , b r t. 

two rig'ht lines, when we say — 
" the rectangle under ab ' " 



actangle J I 



ADEB, whose adjac 

AB and CD,— or (which is the 

Bame thing) hnes equal to them. 

It is strongly recommended to the reader to iix in his 
inind and memory the Bubstance of these observations be- 
fore he proceeds a step farther. In them alone is centered 
the whole difficulty of the Doctrine of Rectangles. . 

Art. 89. If there be tiro right lines, one of which is 
divided into any niimher of parts, the rectangle under the 
two linif ii equal to the sum of the rectangles under the 
undivided line and the several parts of the divided line. 

Let AB, CD, be any two right 
lines of which cd is divided into 
any number of parts, ce, ef, fg, 
CD. Then the rectangle under 
AB and CD is equal to the sum c e » g- j» a 
of the rectangles under ab and ce, ab and ef, ab and fg, 

Dem. Let c(j be a rectangle whose side cm adjacent to 
CD is equal to ab. Then the rectangle cn is, by preceding 
Observation, the rectangle under cm, or a b, and cu. Draw 
EN, FO, GP, parallel to cm ; then cn, eo, fp, gq, are all 
rectangles, whose sides en, fo, gp, are each equal to cm, 
by Art. 20, and therefore to ab. But it is evident that 
the rectangle cu is equal to the sum of the rectangles cm, 
BO, PP, G« ; that is, the rectangle under ab and cd is 
eqaal to the sum of the rectangles under ab and ce, ab 
and EF, AB and fg, ab and gd. This, &c. 

a right line be divided into any two parts, 
he whole line is equal to the sum of the 
rt^ngles under the whole line and each of the parts. 



0. Ifar 

: of the 
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Let AB be & right line divided ^ , b 

at the point c. Then the sijuarc! c 

of AB is equal to tbe lectangle , 

under ab and ac, together with " 

the rectongle under ab and CB. 

Dbm. Take a right line de eqaal to ab, and by Art. 
preceding, the rectangle under de and ab is equal to the 
sum of tbe rectangles under de and Ac, de and CB. Bat 
the rectangle under DE and ab is equal to the square of 
AB (Dep. Xin.) ; hence the square of ab is equal to the 
sum of tbe rectangles under de and Ac, dk and cb, that 
is, to the sum of the rectangles under ab and AC, ab and 
CB. This, &c. 

Art. 91. If a right line be divided into any two partt, 
the rectangle under the whole tine and eitlier part it e^udf ' 
la the square of this part together with the recfangh 
under the parts themselves. 
I Let AB be a right line divided g 

■t any point c. Then the reel- j^ 1 ■„ 

angle under ab and ac is equal to 

the square of ac, together with jj j. 

tbe rectangle under AC and cb. 

Dem. Take the right line de equal to Ac, and by Art. 
69, tbe rectangle under de and ab is equal to tbe sum of 
the rectangles under se and Ac, ue and cb. But the 
rectangle under de and ac is equal to the square of ac 
(Def. XIII.) : hence the rectangle uuiier i>k and ab, that 
is, tbe rectangle under ac and ab, is equal to tbe square 
of AC, together with the rectangle under de and CB, that 
is, the rectangle under AC and cb. This, &c. 

_ Art. 92. If a right line he divided into iin^ two parts, the 
m,tquare of the tvholeline is equal to the sum <^ the squares qf^ 
' me parts together teilh twice the rectangle under the parts,^ 

Let AB be a rig-ht line divided at v , b 

C. Then the squire of ab Is equal ^ 

to tbe square of AC and the square of CB, together with. 

twice the reciangle under AC and cb. 




J 
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Oem. By Art. 90, the square of ab is equal to the 
rectangle un<Ier ab and AC, together with the rectangle 
under ab and cb; but by Art. 91, the rectangle under 
AB and AC 18 equal to the square of ac, and the rectangie 
nnder ac end cb; and by the same Akt. the rectangle 
under ab and cb is equal to tlie square of CB and the 
rectangle under ac and cb, Hence the square of ab is 
equal to the square of ac, and the square of cb, and twice 
the rectangle under Ac and cb. This, &c. 

Art, 93. The square of a right line w equal to four 
lime» the square of its half. 

Let AS be a right line divided _ ^ . 

equally at c. Then the square of c 

AS is equal to four times the square of AC. 

Dem. By Art. preceding, the square of ab is equal 
to the square of Ac, and the square of cb, together with 
twice the rectangle under Ac and cb. But the square of cb 
IS equal to the square of ac, by Art. 33; and the rectangle 
under ac and cb is also equal to the square of ac, by 
Def. XIII. Hence the square of ab is equal to four 
times the square of ac. This, Ac. 




NOTES TO PART II. 



Von R. These definltiona and the Obaerration, oeciirred in tba 
problems of P*iit I., bcinK nflceasarj for tbe conBlructiona there effeclsd. 
They are here repeated, in order to TEndei the theoiedcit and pnctial 
parti of our if ark distinct rmd complete 

NoTi! S, Thii i> a theorem, nod jhonld not he asaumed, ai it ii in 
Eudid'a definition of a cirelc, yh,.: "A circle ifl it plane figure bound*! 
by one lino, ench that all right lines drawn tram a certain point wifUB 
tne figure to the circumference, are equal to one another," No on* i 
part of & deiinldon ahould include another, clw the latter would bt 
■npcrfluouB. 

Let jitc bo a drcle. The centre (alia within 
the eircumference. 




ELBMBNTS < 
i; nor iQj olh«r twi 



r GEOMETRY, 



■peaking, the In 



Dated both v 



h chord; tut, properly 



whUet 



efon 



Not« V. The definitien of a Tangent given in Euchd is Togue ind 
anutia&ctory, tIi : "A right line is tiud to touch a circlet when it meets 
ths circle, and being produced does not cut il." Her; the meaning of the 
word " cut " il juit as obscure as that of the nord " touch," which it u 
hron(^t lo ej^pUin. We wont a mathematical distinction between thom, 
both being species of meeting. 

LcomnaE sJbd, in his Gkohethv, commits 80 oversight in defining a tan- 
gent and secant as ve have done, without previousij- showiig 1°. thu a right 
line ean meet a circle in but two poinia, 2°. that a right lias may meet a 
circle in but one point. 

Xon W. This is a direct proof; that given 
in Euclid is an indirect one. The theorem is also 
improperly enounced in Eoclid, for the condition 
nFtho angles, " opening towa^s the samo band," 
ia omitted ; which, if the point be within the circle, 
is indiipenBahle. Forin the oppoeitecircle, though 
Ihe angleg rcc, aio, may be equal, yet the lines 
■r, 10, are not ei^ual. 




NotbX. The del 


nonstrationofthisth 


in Euclid. Itischo 









.t Book Vlh, which hi 



n Euclid is 



proved, vi»: Prop. XX., Book 111., w 

Book v.; 2°. because the tvo neit theorems loiiow irom tnis ai once, 
without being split into caiea. as ia necessary in Ihe other method ; 3°. because 
it il curious to see how a result apparently so remote can be derived ftom 
the mere definition of a circlo. 

Nora Y. Simson, in hia edilion of Euclid, divides his proof of this 
thenmn bto cases, — but leaves out one altogether, ecil-wherea side af 
the angle passes through the centre of a circle. 

The proof by cases usually given is not considered legitimate, atiummg 

another proof, which is at once geneial and legitimate. 

Not* Z. This theorem foUows veiy prettily, and without construction, 
from preceding Article : merely by conaiiering that the angle at thccsntreis 
now equal to two right angles. 

Nirai AA. Let lacn, ibce, be two dif- „ 

feranl circlei. They cannot meet in three 

DuL Suppose them to meet in three 
poinlB, 1, s, and c ; and draw the right lines 
tr, BT, cr, to the centre r of either circle 
tKE. Then Iheso three right lines an 
equal. But by Abt, 76, the point r n not 
the centre of tli* circle abcd ; and therefore. 




Slxuetits of 

ij Art. 68, tticee three lines vaaU not 
tnppogitjoa is false ; that i>, the circle! 
Which, &c. 

Hon DB. Let icd Iw anf circle, 
and ACE aDDther, meeting it in two 
jKHDta 1 and c. TLen, one portion of 
An, a> IKK will be wholl; without ud, 
■nd the other portion of ice, it tect, 
vill he wholly within it^ai in Rg. 1. 

De». Thediilei^cannolhewholly 
without the circlo tCD, as in fig. 2 ; for 
Am the chord tc being wholly within 



b; the Eaom Akt., is itnpoesitile. 

Again: the circle ice cannot be whotl; 
within the circle acd. For let it be tup- 
posed that AEC were a drclt meeting 
Acn in A and c, and lying wholly within 
it a« in fig. 3. Draw the common chord 
ic, and the per]»ndtcu1u tight line bd 
throngh its middle point, meeting both 
circles at i and i, between the points a 
ude. TbisUncBD, by Art. SO, passes 
through the centre h and g of both cir. 
elet. Let cither of the points i oi c be 
joined with boih centres. Then in the ti 
■re togedier girater than oi, by Akt. 43 . 
greater than os, as c is the centre of the dtcle ibd ; Ifaerefore aa, logetlurr 
with HI, (which, as u is the centre of the circle aci, is equsl to u,} u 
grester than oa ; that is, on the tuppasitum that the circle la were whoUj 
within the circle acd, (he part ei viould be greater than the whole oi, whioli - 
is impossible. Therefore, that eii ■■-.■-■ 
fall wholly within the circle acb. 




Hcnco, 



Uhec 



a: tills 1 



Note CC, The dcHuitionof tonchingciruletgiTen in Eudidis dcfectiTf J 
in the same way a^ that of the Tsngent, vix., ■' Circles are loid to touch oat' 1 
mother, which meat, hut do not cut one another." Besides, the dcSniiioB 



that circles cannot taueli in more points tha 
Xm., Book III., of Euclid. It may be obser 
Simson'a Euclid of the said Froposiiion is error 
it as a better one than thai giien by Euclid him 



le, which nukes Piior. 
B, though he lubBtitutu 
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Note DD. Euclid defines at ouce " equal circles to be those whose 
diameten are equal,** which is not properly a definition, but a theorem. 

Note EE. By this demonstratipn we save the necessity of antidpating 
a definition which rightly belongs to the Doctrine of Proportion ; and of 
introducing two theorems, the XXIIIrd and XXIVth of Euclid, Book III. 

NoTR FF. Euclid's proof of this theorem is indirect, a method which, 
if possible, is always better avoided. 

Note OG. These latter. Articles are properly derivable from the Doc- 
trine of Proportion, developed in Book Vlth of Euclid, and in Part III. of 
this treatise. But as the reader may not choose to enter into that doctrine, 
it was thought prudent to introduce these Articles here, in order that the 
doctrine of tiie circle might be complete, and furnish him with all the results 
necessary to practice without any further reading. 



LESSON XI. 

Def. XXXII. When one magnitude exactly 
another magnitude added to itself any integral * number of 
times, the greater magnitude is called a Multiple of the 
lesser; and the lesser a Suhmultiple of the greater. [See 
Note HH.] 

Thus, if AB eijuals cd added A a 

to itself any iniegral number 

of times (suppose 4), without ___ 

a remainder, ab is called a C I) C DC 

multiple of cd, and cd a submultiple of AB. 

Def. XXXItl. When two multiples contain their re- 
spective subroultiples exactly an equal number of timesi 
they are called Equi-multiplea, And when two submul- 
tiples are contained in their respective multiplies exactly 
an equal number of times, they are called Equi-svbmid- 
tiplea. 

Thus, let AB, KP, be respec- a b c p 

tively multiples of cd, gh. 

If AB contains CD exactly as e F o H 

often as &f contains gii, nei- 
ther more nor less, then ab and ef are called equi-multiplai 
of CD and GH. Also, cd and gu, are called equi-BubmuU 
tiples of AB and ef. 




Dep. XXXIV. floho is the mutUttl relation of two quau- 
titiea of the Bame kind, to each other, with respect to mag- 
nitude. [See Note II.] 

06«. All quantities of the same a b 

kind have a certain ratio, or pro- 

portion to one another. Th\is, in c D 

the annexed plate, the rig'ht line 

CO is twice as long as the right E F 

line AB ; that is, the ratio or pro- 
portion of CD to AB is 1! to I, G H 

Also, if the right line gh be three 

times as long- as the right line ef, then the ratio or propor- 
tion of GH to EP will be 3 to 1, Ac. 

But two quantities may have the same ralio to each 
other as two other quantities have. Thus, if there be two 
right lines ab, cd, one of which ab is half the length of 
the other cd, and if there be also ABC D 

two triangles efg, hik, one of "^ 

which EFG is half the size of the . ' 

other HIK, — then the Unes ab, 
CD, have to each other the same / 
ratio as the triangles efg, hik, ^— 
h.v. to rach otb.r E G H K 

In the same manner, if one quantity be contained in a 
second any integral number of times eicactly, and if a third 
quantity he contained in a fourth an equal number of times 
exactly, — then the first quantity has the same ratio to the 
second that the third has to the fourth. 

Thus, if the right line a b o _n 

AB be contained, say 4 
times exactly in cD, and 
if the triangle efg be also 
contained 4 times exactly ^ 
in HIK, then ab has evi- /| 
dently the same ratio to / 
CD that EFG has to hik. ^^ '* 

But although ab may not be contained in cd any integral 
number of times exactly, these quantities AB, cd, neverthe- 
less hare a certain ratio to each other ; and two other quan- 
tities may have the same ratio to each other. 
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half as long as ab, i 



—then c 



8 the 



n CD, yet its half is, — vide- 
i« also contained 
t most hare the 



^HiKhasloEFC. 

Thus although the whole line 
AB ii not containeil anyinte- 
f.'rnl number of times exactly ii 
lioet, 3 times. The half the triHng:le 
exactly 3 times in hik ; hence the lin 
■ same ratio to cd that the triangle efo has to hik. 
1 In this manner we are able to judge if the ratio of any 
two quantities, such as the above, to each other, be the 
same bm that of any two other quantities to each other. 
Namely, if a sabmultiple of the first quantity be contained 
exactly as often in the second quantity as an A^ut-submolti- 
pli' of the third qnantity is contained exactly in the fourth, 
— then the first pair of quantities have the same ratio to 
each other as the second pair have to each other. 

Thus, if CD be equal to A B C D 

twice AB and a fourth part ' 

of AH, and if hik be also 
equal to twice efg and a 
foui'th part of EIG, — then 
CD has to AB the same 
ratio that HIK has to efo. 
Because CD contains the 
fourth part of ab 9 times, m 
of EFG exactly as often. 

The above observations a 
4trative, but illustrative ; they n 
notions of Ratio or Proportio 
tinition. But as the latter is founded upon the former, — 
being in truth only the same idea rendered a little more 
accurate and comprehensive, — it will he so much the easier 
to step from one to the other. 

Def, XXXV, Two quantities are said to have the same 
ratio to each other as two other quantities have, when every 
subraultiple of the first quantity is contained in the second 
■ itegrsl number of times that an c^ui-aubmultipl* 
if the third quantity is contained in the fourth. 




the fourth part 



ot intended to be demons 
lerely declare the popular 
I, not the mathematical de- 
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Thus let AB, CD, be two 
right lines, and efg, hik, 
two triangles ; also, kc al 
be tLuf submiiltiple of ab, 
and EFM an eyui-submul- 
liple of EFG : then, — if al 
(and every other submul- 
tiple of ab) be contained in 

CD, as often as efm (and every other enui-submultiplt: of 
efg) is contained in hik,-~ab is said to have the same 
ratio to cd as efg has to hik. [See Note KK.] 

Oba. When two quantities have the same ratio as two 
other quantities, the four quantities together are called four 
fnvportionaU. 

LESSON XJI. 

Aht. 94. Parallelograms which have equal altitudes 
have to each other the game ratio as their bases- 

Let AC, EG, be two 
parallelogram s, hav- 
ing equal altitudes 



as the base ad ha^ 
the base gf. 
Dem. Divide t 



I D R s K o 



I into any number of equal parts •, ah 



• pRon. XV. To divide a given finite rigid Imr i) 
her of eqiml parts. 

Let AB be thegiven right line. It 
is required to divide it into a given F 

number of equal parts. 7.^ ..-' , 

Co«a. Draw from the point a j, ...^■' -\M ■. 
the right line AC, making an angle ..^-■'■-■■.Tj '■. 

with AB. Take on the line Ai- the --'" '- : : i 

portions ad, de, ef, to, &c., all A H T ^ ^ 
equal to each other, and as many in number as the parts inw 



....\S 



ifl required 10 be divided. Join no, and draw fi 
paraUei to bo. Then, au will be divided at ^e points n, i 



ELEMENTS OF GEOMETRT. 

Ill, ID, and draw the ])wallels hk, il, forming the paral- 
lelograms AK, HL, ic, by Def, XI. These parallelograint 
are all equal, by Art, 24. Consequently there being an 
equal portion of the parellelogram Ac for every equal portion 
of the base AD, — AK and ah are respectively e^ui'-submut- 
tiples of AC and ad. Take eo, dp, severally equal to AH, 
OS often as posnible on the base ef, and draw the parallels 
on, FT, forming the parnllelograiiiR eq, ot, v'hich are all 
■ equal by Art. -24, to each other. But these parallelogramg ' 
are also equal to the parallelograms ak, hl, ic, by Art. 28; 
and therefore as often as ah is contained in ef, so ofi«n is 
AK contained in £g. — In the same way it may be shown that 
every other snbmultiple of ad is as of^eu rontained in zr 
as an equi-submultiple of ac is contained in eg. — Hence, 
by Dep. XXXV., AC has the eaiue ratio to eg as ad ha> 
to EF. This, &c. 

Art. 95. Parallelograms which hare equal bases, karte 
to each other the same ratio as their altitudes. 

Lei AC, EG, be two ]mrallelo- x, f m 

grams having equal bases, ad, k o I 1 

EH, Then, these parallelo- zn H ; / / 

grams have to each other the \ i \ \ I 

same ratio as their altitudes ;/ {/ \ j 

Dem. Draw At, el, parallel * " = '^ 

respectively to dk, hm, and 
produce KB, mf, to meet thet 
angle equal to ac, and em 

Art. 23. Now, if we take for the altitudes of these rect- 
angles the lines ad, eh, respectively, as these are given 
eqiml, the rectangles will have to each other, by Art. j 
ceding, the same ratio as their buses dk, iim ; — hence 



Then AK will be a 
dangle equal t 



' ADH, DBt, the side An is equal to the side de by CoNSiHrcTios, 
and the angles dah, adh, are respectively equal to the an^^les xnii, 
DEL, by Aht. 1 4.— Consequently, by Art. 46, the aile ab ia 
equal to the side dl. In the same way it is proved that em, ~~ 
&c., are respectively equal to ah. But hl, gh, pk, are respec- i 
tively equal to hi, ik, kh. by Art. 80 ; hence ah, bj, ih, kb, 
all equal to each other. This, &'c. 



ide, DF, of this paralielogram, 
of the first, — tben we say that 
B, CD and DF, are reciprocal/if 



BLEMENTa OF GEOMBTRY. 77 

parallelograms (wbich are equal to the rectangles) will also 
have the same ratio to each other as dk has to hm. This, &c. 

Dep. XXXVI. When a. certain part of one magnitude 
has the same ratio to a certain part of another magnitude 
u 8 second part oftkia other has to a second part of the 
firsti — the proportion subsisting- between these four parts 
is called, for brevity's sake, reciprocal proportion. 

Thus, in the annexed ,. 

figure, if one of the sides 
AB, belonging to the paraU 
lelogram ae, has the same 
ratio to one of the sides, CD, 
belonging to the parallelo- 
gram CF, as the adjacent 
has to the adjacent side, bi 
these four sides ab and be, cd ana sf, a 
proportional. 

Def. XXXVII. When two parallelograms have an 
angle in the one equal to an angle in the other, they ni'e 
called eijui-angular parallelograms. 

It is obvious from Arts. 21 and 13, that parallelogninis 
which have one angle in each equal, have all the angles of 
the one respectively equal to all the angles of the other. 
It is likewise obvious that all rectangles are equi-angular 
to each other. 

Art. 96. Two equal parallelograms, which are also 
eqni-angular, have the sides about their eqval angles 

reciprocally proportional. 

Let AE, CF, be two equal parallelo- ». ^ 

graras, having the angle abe of the one 
equal to the angle DCH of the other. 

Then ab has the same ratio to CH aa 

De.m. Let the side ch be so placed 
that it may make one right line with 
AB,and that the equal angles abe, ncfi, may be vertically 
opposite. Since Abe and ecm are equal to two right angles 
by Art. 9, and since dch is given equal to ABE, therefore 
also DCH and ech are together equal to two right angles. 
Consequently, by Art. 10, cd and ce are in one right line. 





Draw BG, HO, respectively parallel to ch and ce; then 
CEGH will be a parallelograni, Det. XI. — Now, by Art. 
04, AB has the same ratio to ch as the parallelogram ae 
has to the parallelogram CG, or, which is the same thing, 
as the parallelogram CF has to the parallelogram CG. But 
CD has aUo the same ratio to be as the parallelogram CF 
has to the parallelogram cg, — hence ab hag the eame ratio 
to CH aa CD has to be. This, &c. 

Akt. 97. Tuto equi-angular parallelograms whieh 
have their sides about their equal angles reciproeally pro- 
portional are equal. 

Let AE, CF, in the above figure, be two parallelogrttms 
having the angle ake in the one equal to the angle dch 
in the other ; and let the side ab have the same ratio to 
the side CH as the side cd has to the side be, — then the 
parallelograms ae and cf are equal, 

Dem. The above construction remaining, by Art. 94, 
AE has the same ratio to CG as ab has to en, or, by the 
terms of the present Art,, as cd has to be. But cp hu 
also to CG the same ratio as cd has to be, by Art. 94. — 
F having both the same ratio to CC, are 



equi 



il. This, &c. 



have their bases and 



X K P 

n 



I Art. 98. Equal parallelograms 
■ altitudes reciprocally proportional. 

Let AE, OF, te two equal 
parallelograms, and bg, dh 
their respective altitudes 
Then the base AB has thi 
same ratio to the base cd »s " i; Ji 

the altitude dr has to the altitude bc. 

Dem. Complete the rectangles aigs, ckhd. By Abt. 
23, the rectangle ag is equal to the parallelogram ae, and 
the rectangle ch to the parallelogram cf. Therefore the 
rectangles AG and ch are equal, because the parallelo- 
grams are so. — Hence, by Abt. 96, the sides ab and sOi 
CD and dh are reciprocally proportional, — that is, ab hu , 
the same ratio to cd as dh has to bg. This, &c. 



J 
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Art, 99, Parallelograms which have their bases mid 
ttUiludes reciprocally proportional are equal. 

In the aboTe fig-iire, let the given parallelograms be ae, 
cr ; and let the base ab have the same ratio to the base CLi. 
tbat the altitude dh has to the altitude bg. Then the 
parallelograms ae, cf, are equal. 

Dem. By Akt. 97, the rectangles aq, ch, are equal, 
because the sides about their equal angles, — namely ab and 
BG, CD and DH, — are granted reciprocally proportional. 
But by Art. 2.3, these rectangles are respectively equal to 
the parallelograms ae, CF ; hence therefore the parallelo- 
grams AE CF are also equal. This, &c. 

Ohs. If four right lines be propor- a 11 

tionals, the two middle ones are calleii c D 

Means, and the two other Extremes, e — ■ — ]■ 

Thus if AB have the same ratio to cd g h 

as EF has to on, the lines cd and ef 

are called Jl/eanf, and the lines ab, gh, Extremes. 



^ 



he proportionah, tin- 
equal to the reclang/r 



Art. 100. If four right U, 
rectangle under the extremes 

Let AB, CD, EF, and oir, be 
fonr proportional right lines. 
Then the rectangle, au, under 
AB and GH, is equal to Ihe rect- 
angle, CF, under cu and ef. 

Dbm. The pamllelograms , 
All, CF, being rectangles, are 
equi-Bngular;and they have also 
their sides about the equal an- 
gles reciprocally proportional, A. 
viz. : ABhas the same ratio to CD 
as EP has to gh, by the terms of c d 

the present Art. — Hence, by Art. 97, the rectangle ah is 
equal to the rectangle cf. This, &c. [See Note LL.] 

Art. 101. Iftherebefour right lines,and the rectangle 
under any two ef them equal to the rectangle under thr 
remaining ones, these right lines are four proportionals. 

As in the above figure, let there be four right lines, : 
CD, EF, OH, and lei the rectangle ah under any t 
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them, BS AB and gh, be equal to the rectangle cr ander 
the remaining ones CD and ef. Then ab bat 
ratio to CD as ef has to CH. 

Dem. ah and cf are equal and eijui-ang-ular parallelo' 
grams ; hence, hj Aht. 96, they have their sides about the 
equal angles reciprocally proportional, — that is, ab has the 
same ratio to CD as ef has to gh. This, &c. 

Obs. Hitherto we have considered only two quantities 
as having: the same ratio to each other as two given quan- 
tities ; but it is evident that two other quantities may also 
have the same ratio as the given quantities, or the second 
pair of quantities ; and so on. the same ratio may hold be- 
tween a fourth pair, a fifth, &c., &c. 

Def. XXXVIII. If there be a series of magnitudes of 
the same kind, in which the 1st has to the 2nd the same 
ratio as the 2il has to the 3d ; and the 2d has to the '3d the 
same ratio as the 3d has to the 4th ; and the 3d has to the 4th 
the same ratio as the 4th has to the 5th ; and so on — theO) 
these magnitudes are said to be in conlinited proportion. 

Oba. It is evident that in order to institute a comparison 
of ratios, there must be at least three quantities. 

Art. 102. If three right lines he propartionaU, the rect- 
angle under the extreme) is equal to the square of the mean. 

Let AB, en, ef, be three right 

lines, and let AB have the same ^ g "5 

ratio to cd as CD has to EF. Then „ j^ 

the rectangle under AB and ef is 

equal to the square of CD. K 

Dem. Take a right line gh 
equal to CD, and then ab is to cd as GH (or cd) is to EP*. 
Hence by Art. 100, the rectangle under ab and bf i« 
equal to the rectangle under cd and gh, — i. e. equal to the 
square of co (Def. XlII). This, &c 

Art. 103. If there be three right tinea, and the rect- 
angle under ani/ two (f them equal to the square of the 
third, these three right lines are proportionah. 

In the above figure, let the rectangle under ab and ef be 
equal to the square of CD. Then ab is to cd as CD to ep. 



1 
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Dem. Take au equal tocD, and then the rectang-le under 
jLB and £F is equal to the rectangle under cd and gh, by 
lerma of present Art. — Hence, by Akt. lOI, ab is to cd 
u OH is to SB, — I. e. as cd is to ef. This, &c. 

LESSON XIII. 



Let ABC, DBF, be two tri- 
ang-ies, having their altitudes 
OB, HE, equal. Then abc is 
to DEF as the base ac to the 

Dem. By Art, 31, these " " " - -^ - 

triangles are halves of the respective parallelograms At, dk, 
on the same bases, and with tbe same altitudes ; conse- 
quently they have to each other tbe same ratio as their 
doubles, the parallel ograras. — Hence, by Art. 94, ihe 
triangles are to each other as their bases. This, &c. 
[See Note MM.] 

Art. 105. Triangles which hate equal bases are to each 
other at their altituiles. 

Let ABC, DEF, he two tri- t: K 

angles, having theit liases ac a j 

and DF equal. Then abc is B I //I . 

to DEF as the altitude gb to 
the altitude he. 

Dem. By Art. 93: because 
they are the halves of the pa- 
rallelograms Ai, DK. This, &c. 

Art. 106. Equal triangles which have also an angle in 
the one equal to an angle in the other, have Ihe sidei about 
these equal angles reciprocally proportional. 

Let ABO, DEF, be two equal 
triangles, which have also the 
angle at b equal to the angle at 
E. Then the side ba is to the 
side ED as the side bf to the 
side BC. 



/P 



t^ 



i^ 
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Dem. Complete the parallelograms abcg, defh. By 
Art. 22, these parallelograms are equal, becaose they art 
doubles of the equal triangles arc, sef; and as they are 
also equi-angular, (Def. XXXVII.,) the sides about their 
equal angles b and e are, by Art. 96, reciprocally pro- 
portional ; that is, BA is to ED as ef is to sc. This, &e. 

Art. 107. Tieo Irianglei which have an angle in one 
aqual to an angle in the other, and have also the aides about 
these equal anglet reciprocally proportional, are equal. 

In the above figure, let abc, def, be two triangle*, 
which hare the an^le at b equal to the angle at e, and also 
the side ba to the side ed as the side ef to the side bc. 
Then these triangle»i are equal. 

The parallelograma abcg, d&fk, are equal, by Art. 97, 
being equi-angular, and baring the sides about iheir equal 
angles reciprocally proportional. — Hence, their halves, the 
triangles, abc, def, are also equal. This, &c. 

Art. 108. Equal triangles have their bases and allitudet 
reciprocally proportional. 

Let ABC, EFQ, be two equal _ 
triangles. Then AC is to eg as "" 

HP'S t^DB. yK" 

Dem. Complete the parallelo- / \ ,■ 
^rams Ai, EK. Inasmuch as the ^VD — C n. a u- 

trianglesABc, EFG, are granted 

equal, their doubles, the paratlelogramB, are also eqiial. 
But the parallelograms being equal, their bases and alti- 
tudes are reciprocally proportional, by Art. 98; thai is, 
AC is to EG as HF to DB.' This, &C- 

Art. 109, Triangles which have their bases and alti' 
tudes reciprocally proportional are equal. 

In the above figure, let the two triangles abc, efo, hare 
the base ac to the base eg as the altitude hf is to the 
altitude db. Then the triangles will be equal. 

Dem. The parallelograms ai, ek, are equal, by Art. 9(^ 
because their bases and altitudes are reciprocally propoo- 
tional. — Hence the triangles also, which are their balrei^ 
are e^ual. This, &c. 
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LESSON XIV. 
• Art. 110. If a right line be /Iramn parallel to any tit/e 
of a triaiigU, and meeting the other sidei, the segments of' 
one of these sides have the same ratio at the segments of 
the other. 

Let ARC be a trkng-le, having tbe q 

right line db parallel to its side AC, 
and cutting ab, bc, respectively, into 
the segmeotB da, db, and ec, eb. 
Then da is to db as ec to eb. 

Dem. Join D and c, e and a> By 
Akt, 104, the base da Is to the base db as the triangle 
DEA to the triangle deb. But by Art. 25, the triangles 
dea and DEC are equal. Therefore da is to db as dec to 
DEB ; that ia, by Art. 104, as EC is to eb. This, &-c. 

Art. IW.lfa right line meet the aides of a triangle, so 
that the segments of one side shall have the same ratio ax 
the segments of the other, — and if the corresponding seg- 
ments be at the same side of the interseeter, — this right 
line is parallel to the remaining side of the triangle. 

in a ligure similar to tbe above, let da have the Eame 
ratio to db as eg has to eb. Then de la parallel to ac. 

Dem. By Art. 104, the triangle dea is to the triangle 
DEB as DA to DB, that is, as ec to bb, by the terms of the 
But, by Art. 104, the triangle dec is aUii 



B, the triangles 
ratio to DEB, are equal, and 
E is parallel to Ac. This, &c. 



present Art. 

to the triangle deb as ec ti 
DEC, both having the sat 
consequently, iiy Art. 27. 

[NoteNN.] 

Art. 112. If the angles of one triangle be respectivelif 
eqttal to the angles of another, the three sides of one tri- 
angle have to the corresponding sides of the other, respi'i.- 
lively, the same ratio. 

Let ABC, DEF, he two triangles, 
having tbe angle abc equal to the 
angle dep, the angle ACB equal to 
tbe angle dfe, and conseqnently the 
angle bac equal to the angle edf. 
Then, as AC is to df so is ABto de; 





1)em. Let the i 

gles, be placed so 
triangles be at thi 
eqnal angles bac, 
Now, since the an 
16, parallel to ef, 
angles bac and edf are 
Bequentiy, by Aht. 18, 
EF produced through Ein 



i AC, DF, which are opposite equal an- 
j form one right line; andso that the 
le side of this line ; and also that the 
', may open towards the same hand. 
ACB and nFE are equal, bc is, by Aht. 
;o EF produced. Likewise, since the 
al, AB is parallel to DE. Con- 
produced through B, will meet 
le point, as g. Tharefore, in 



Peob. XVI. To dimde a right line itUu two parts which thaU 
have the lame ratio at the two porta o/agiven divided line. 

Let AB be the given right line, and 

CD the given divided right line, II is f- ^ ^jj 

required to divide ab into two parts 

which shall have the same ratio to ^ ^ jj 

each other as CE to ED. ■./ 

Cons. From either extremity of G'"-. 

ab draw therightline af makingany 
angle with ab, and equal lo cd ; take F 

AO equal to CG. which will leave av 
equal to xo. Join bf, and draw on 
parallel to af. Then ab is divided at the point n ag re<]iiired. 

Dgh, By Art. 110, AB is to HB as Ao to OF j that ui, m oi 
to ED. This, &c. 



Let AB be the given right line. 
Il is required to cut off from it a 
part which shall have a certain 
given ratio to the whole line 

Cons, Let this given ratio be 
that of MN to OP. From cither ex- 
tremity of AB, draw the right line 
AQ, making any angle with ab; 
and take upon aq, the portions ao, 
AD, equal respectively to an, op. 
Join DB, and draw cf parallel to 
DB. Then, the part aeIus to the 
wbido AB the ratio. 



'^I^ 
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the triangle tbiia formed, agf, the right line Be is parallel 
to GF, and the right line ed is pai^Iel to ga, Conse- 



De)l The two triansles agc, abq, having their angles reepec- \ 

lively equal to one anoUier, (Art. 14,) therefore, by Art. 113, ae 
IB to AB as AC is to AD ; that is, as an to of. This, &c. 



PaoB. XVIH. To^nd . 
fiaUe light lilies. 



be three given right 
lines. It is required 
to find a fourth such, 
that AB will have to 



fourth proportional lo three giuea 



the a 



that BF has to the 
line found. 

CoNB. Draw two 
right lines un, iio, 
makine any angle, 
and take mi equal to 

and ua equal to ef. 

Join lo, and draw kh parallel Cc 

proportional sought. 

Osu. la hang parallel to k 



Then aa nill be the fourth 



This, &c. 



Peob. XIX. 



To find a third proportional to two giixn finit 

\ 

Let AB, CD, be the j^ -p 

given right lines. 



It ii required 
A tliird auch, that 
wUl have 



find 



the 



LO that CD has 
to the line found. 

Cons. Draw two 
tight lines MN, tco, 
maltinganjangle.and 
take HI equal to ab , i k 
equal to CD, and also 
■IE equal to cd. Join 



quently bged is a parallelogram, and therefore its oppo* 
site sides bg and de, bc and OE, are equal. Hence, b/ 
Art. 110, BC being parallel to gp, ac is to df as ab i< 
to BG ; that is, as ab ib to de. Hence also, by the same | 
Art., ED being parallel to ga, ac is to dp as ge is to 
EF ; that is, as bc h to ef. Finally, we have shown thit 
AB is to DE as AC to DF, and that likewise BC is to ee M 
AC to DF ; consequently ab is lo ve as bc to df. This, &c. 
[See Note 00.] 



re, and draw kf parallel to ii 

portion al sought 



Thus EF will be the third pro- 



Pbob. XX. Tojinda vieaii proportional between any two pun 
fitdU rig/il lines. 

Let ab, ef, be the two lines. It is 
required to find another right line such, 
B will have to it the same ratio as 



-^i- 



CoNB. Produce ab until the pro- 
duced part BC equals ef. Divide the 

whole AC equally at o, by Pnos. V.; j. y 

and from o as centre, and with oa as 

distance, describe the semicircle adc. From the point b raiie 
BD perpendicular lo ac, by Pbob. VH.,and meeting the circUn^ 
ference at n. Then bd is the mean proportional sought. 

Deh. Join OA, DO. In the trian^es Anc, dbo, the angle ^ 
cis common, and the angle adc, which ii a right one, by Arc, 
72, ia equal to the angle dec, by Art, 8. Consequently the third 
angles of these triangles are also equal, by Art. 39 \ that is to 
say, the angles dac, bdc. Therefore, in the triangles abo, dbo, 
the angles BAB and EDO are equal, as also the angl— 



because bd is perpendicular, Conaequently, by Art, 
third angles of these triangles are equal. Hence, by A 




i 
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Art. 113. If the three sides of any triangle have 
respectively to the three sides nf another the same ratio, 
the angles of one triangle are respectively equal to the 
angles of the other. 

Let ABC, DEP, be two tri- _ 

ingles faaTiEig the side 



tbe aide 
the side 



and also as the , 



B to E 






al to 1 



A 



■iangle, 
I respec- 



thea. 

to D, 

Dem. At the extremities of any side of either ti 
as AB, let two angles bag, abg, be formed' 
lively to tbe angles edf, def, at tbe extremities of tbe 
corresponding side de ; then, by Art. 39, the remaining 
angles at a and f ttre abn equal. Consequently, by Art. 
preceding, ab is to de as bg to ef ; but ab is to de as bc 
to EF, by terms of present Art. ; therefore bg is to ef 
as BC is to Ep, — that is, bg and bc are equal. In the same 
manner it can be shown that AG and Ac are equal. — Hence, 
by Art. 6, the three angles of the triangle abc are re- 
spectively equal to the three angles of the triangle abg, — 
that is, to the three angles of the triangle sep, to which 
those of ABG were made equal. This, &c. 

Akt. 1 14. If two sides of any triangle have respectively 
to two sides of another the same ratio, and likeieiae the 
angles contained hy each pair of sides equal, — the other 
angles of the triangles irill be also respectively equal. 

Let ABC, DEF, be two tri- 
angles having the side ab to h 
tbe side de as the side bc to 
tbe side ef ; and also the < 
angle abc equal to tbe angle 
DEF. Then tbe angles bac, 
BCA, are respectively equal 
to the angles edf, efd. 

Dem. As in the Ia«t construction, make theai 
GAB, respectively equal to DBF, edf, and the 



■Egle 



will be equal to that at r. Consequently, by Art. I12t 

AB i» to DE as BB to EF ; but AB 18 tO DE BS BC tO EF, bj 

the terms of the present Art. ; therefore bq is to ef si 
BC to EP,~that is, BG and bc are equal— Hence, as in 
the triangles dBC, abg, the side ab is common, the aide 
BC equal to the side bg, and the angle abc equal to the 
angle abg (because abg has been made equal to def,) 
the angles bac, bca, are respectively equal, hy Art. ^, 
to the angles bag, bga,— that is, to the angles edf, kfd. 
This, &c. 
I Art. 115. If Itco triangles have an angle in the ont 
■ tqual to an angle in the other ; and if the sides containing 
a second angle in the former have, respectively, the samt 
ratio to the sides containing a second angle t» the loiter i 
and if likewise the third angles of the tria^les are either 
both acute or both obtuse, or both right ; all the angles of 
these triangles are respective/^ equal to each other. 

Let ABC, DEF, be two tri- i 

angles, having the angle b ^ 

equal to the angle e, the side 
BA to the side ed as the side 
AC to the side UF, and the 
angles c and F, either both 
acute, both obtuse, or both 
right. Then, the angle c is equal to the angle f, and the 
angle A to the angle d. 



BAC, EDF, are equal. For if we sup- 
BAc, greater than the other, and that 



Dem. The anglej 
pose one of them, a 
from the point A the line ag is drawn i 
angle abg equal to edf, and meeting i 
the triangles bag, def, by Art 39, thi 
be equal to efd. Consequently, by Ar 
to EU as AQ to BF. But BA is to eo e 
terms of the present Art. ; therefore AG would be to of 
AC to DF, — that is, AG and AC would be equal. By Art. 4, 
therefore, the angles acg and agc would be equal, and 
both of them acute by Art. 38. But if agc be acute, age 
must be obtuse, and therefore also the angle efd must bt 
ohtuse, because on the above xupposition it is equal to agb. 
The angles efd and acg are, however, both of the same 



ki.s. 


.ith BA an 
Then, in 


li. 


.OA would 
A would b. 


Ado 


DF, by the 



kind, and therefore, as acu, on the above aupposU'ion, was 
proved acute, the aagle efd must be also acute. On 
the above supposition, therefore, the angle efd would be 
obtuse and acute at the same time, which is impossible. 
Consequently, that supposition is false; the angle bac is 
not greater than edf ; and in like manner it is demonstrable 
that the angle edf is not greater than bac. — Hence the 
angles bac and edf being equal, and the angles at b and e 
being granted equal, the remaining angles are also equal, 
by Art. i»9. This, &c. [Note PP.] 

Obs. Id the last three Articles it is evident, as well from 
their demonstrations, as from Art. 112, that the sides 
opposite the equal angles in each triangle hare, respectively, 
the same ratio to each other. 

LESSON XV, 

Oha. When we cannot compare two magnitudes as lo 
size directly, we may often compare them by assumiag a 
third magnitude ; and by comparing both the former mag- 
nitudes with it, we are enabled to arrive at their ratio to 
each other. For instance, if each of them have the same 
proportion to the assumed magnitude, they are necessarily 
equal. But if they should not have the same proportion to 
the assumed magnitude, we may, nevertheless, discover their 
ratio by its means in the following manner. If we can find 
two right lines which have to each other the same ratio that 
one of the given magnitudes has to the assumed magnitude, 
and if moreover we can find a third right line which has 
to the tecond right line the same ratio as the assumed mag- 
nitude has to the other given magnitude, it is evident that 
the first right line will have to this third the «ame ratio 
that the first given magnitude has to the other given mag- 
nitude. And thus the ratio of these two lines indicates 
the ratio of the two given magnitudes. 

For example : If we wish to com- ^f 2, 

pare the two rectangles ah, ck, as J |"'" "j* 

to magnitude. Let them be placed I i r i d 

as in Art. 96, and complete the *^ STb 1 
rectangle cl. Then comparing ak i 

with CL, we know by Art. 94, that j j k 

these rectangles have the same ratio 




to each other as ab h 

we know that these r 

other as Mc has to ef. Now if we can find a line mh 

(which is easily done,) snch that CD may have to mn the 

same ratio as HC has to ef, then cl will be to ck as CD 



CL is to CK as CD to MM; it follows that At 
AB to MN. These two right linea ab, mn, in 
fore, the ratio of these two rectangles ah, ek. 
It is evident in the above operation that, i 
by Buch means the ratio of the two givf 



1 calculating 
ngles to each 
e combine, or compound, two ratios ; for the ratio of 
AB to MN, which expresses the ratio of the given rectanj^les, 
is made out by combining the two ratios of ab to CD, and 
of CH to EF, which are respectively the ratios of one given 
tectangle to the assumed rectangle, and of the assumed 
rectangle to the other given rectangle. The ratio of the 
given rectangles, therefore, involves, or (as geometricians 
s it) is compounded of, two ratios. And ii 



compared by the means of 
the ratio of the given mag- 
two or more ratios, and is 



» 



way, if any two magnitudes 
one or more intermediate on 
nitude to each other, involvi 
said to be compounded of them. 

When, therefore, geometricians speak of a ratio com- 
pounded of several ratios, they mean only — that if a series 
of like magnitudes (generally right lines) be found, which 
have to each other, the 1st to the 2nd, the 2nd to the 3d, 
the 3d to the 4th, iSrc, these several ratios respectively,— 
then the ratio which they speak of is the same as the ntio 
of the first term in the above series to the last. It ii 
merely a, form of speech to save circumlocution. 

Thus, when we say that a has 

to B a ratio compounded of the q .... ... p 

ratios of a to b, c to d, and e to J", 

we mean only,— that if the line OP ** '" ^ 

be to UR as a is to 6, and the line « — - T 

QB to ST as c to d, and the line st U v 

to uv, as e tof, — then a has the 

same ratio fo b as the line op to the line 
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Art. il6. E^ui-angtilar parallelograms have tn each 
other the ratio compounded of the ration of the sides about 
the equal angles. , 

Let AH, EK, be two equi- 
angmUr parallelograms. Then 
AH has to £K a ratio com- 
pounded of the ratio of the side 
AB to the side CD, and the 
ratio of the side bb to the 
side EF. 

Dem. Take a right line 
MN, B«ch that CD will have 
to MN the same ratio as bh 
bas to BP. By Art. 94, ah is 
is to £K (as BH to EF, or) as cd to mn. — Hence AJi is to 
EK as AB to MN ; hut AB has to mn the ratio compounded 
of the fBtios of AB to CD and of bh to ep, therefore, also, 
AH has to £K a ratio compounded of the same ratios. 
Tbis, &c. 




L as AB to CD; and CL 



Art. 117. Triangles which have an angle in the one 
equal to an angle in the other have to one another a ratio 
compounded of the ratios of the sides about the equal angles. 

Let ABC, DEP be two n n 

triangles, having the angle 
BAC equal to the angle 
EDF. Then these triangles 
bave to each other a ratio 
corapounded of the ratios 
of AB to DE, and of ac 

tODF. 

Dem. Complete the parallelograms aGj dh. By Art. 
preceding, ag bas to dh a ratio compouuded of the ratios 
of AB toDE, and of AC to df; bence also their halves, the 
triangles, have the same ratio. This, &c. [Note QQ.] 

Dbf. XXXIX. When three magnitudes ere propor- 
tionalu, the first ie said to have to the third a ratio dupli- 
cate of that which it has to the second. 
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Thus, if AB be to CD as cd to j^ g 

EF, then the ral.io of ab to er is 

said to be duplicate of the ratio C— D 

of AB to CD; because cd having g p 

to EF the same ratio as ab to cd, 

by the repetition or duplication of this ratio, which the 



Obs. Inversely, the first magnitude is said to have to 
the second a ratio snb-duplicaie of that which it has to the 
third. 

Art. 118, If the angles o/ons triangle be re^eclivebf 
equal to those ofanolh^, these triangles have to each other 
a ratio duplicate of that which their corresponding lidf 
have to each other. 

Let ABC, DEF, be two ^ 

triangles, having the an-. 

spec lively equal to those 

at D, E, and f. Also let 

GH be a third proportional 

to AC and DF*; that is, ^^ 

let AC be to df as df to 

CK. Then th« triangle 

ABC has to the triangle DBF the same rati< 

OH, — (. e. a ratio duplicate of that which 

(Def. XXXIX.) 

Dem. On the side ac, and from one of 
C, take Cl equal to gh. Draw Bi. Now, 
'. 112, — therefore 




s extremities, 



if as DP to 
^quently, the triangles bci, DEF.are equal, 
by Art. 107, having the sides about their eqnal angles 
reciprocally proportional. Also, by Art, 104, the triangle 
ABC is to the triangle set as AC to ci ; and hence the 
triangle ABC is to the triangle def as ac to cr, or as AC 
to Gij, — that is, in the duplicate ratio of AC to df. 
Which, Ac. 



• Br Paofl, XI,V. 
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Art. 119. In equal circles, angles at the cenlrei have 
to each other the same ratio as the arches on which ihei/ 
utand. 




le equal circleB bck, egi, let i 
specti rely angles at the centres. Then the angle sac is 
to the angle £df as the arch bc to the arch ef. 

Dem. Tor suppose the angle bac to be to the angle edp, 
not as the arch bc to the arch ep, but as the arch bc to an 
arch EG, greater than ef. Divide, then, the angle bac 
into any number of equal parts, BAm, mA», wao, oac, such 
that they will be severally less than, or equal to fdg*. 
Also, take the angles Evp, pvq, qov, ros, respectively 
equal to BAmt. Now, by Art. 86, as the angles BAm, 
mAn, fiAo, (lAC, are equal, the arches on which they stand 
are equal, namely, nm, win, no, oc. Therefore, whatever 
submultiple the angle BAiri is of BAC, such asubmnltipleis 
the arch Bti of bc. Likewise, as the angles s.t>p, ptiq, qvr, 
rDf, are equal to each other, the arches Ep, pq, qr, rs, are 
equal to each other, by the same Art. ; and as these angles 
are eqnal to the smaller angles In the circle bch, so these 
arches are equal to the smaller arches in that circle. Con-- 
sequently, as often as the Bubmultiple BAm is contained in 
EDG, go often is the submultiple Bin contained in eg. But, 
on the supposition above-mentioned, the submultiple BAm 
woald be contained in edf at. often as the submultiple sm 



• By Proi, IV. Wf on caniiniK^ 
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is contained in eg, by Def. XXXV., because the angle 
BAG is supposed to be to the angle edf, as the arch bc to 
the arch eg ; therefore the submultiple BAm would be con- 
tained in EDF as often as it is contained in edg. This, 
however, is impossible ; because the submultiple BAm being 
less than, or equal to, fdg, must be contained at least once 
oftener in edg than in edf. Consequently, the above sup- 
position is false ; that is^ the angle bag is not to the angle 
EDF as BC to EG. In the same manner it can be proved 
that the angles bag, edf, are not to each other as the arch 
BG to any arch less than ef. — Hence, the angle bag must 
be to the angle edf, as the arch bg to the arch ef. This, 
&c. [Note RR.] 

Art. 120. In eqtial circles ^ angles at the circumferences 
have to each other the same ratio OjS the arches on which 
they stand. 

By Art. 71; because their doubles, the angles at the 
centre, have to each other that ratio, by preceding* Art. 
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Art. 121. Every triangle which has itsthre 
has alio its three angles equal. 

Let ABC be a triangle of which the sides 
AB, BC, CA, are all equal to each other. 
Then also the angles at A, b, and c, are aJl 
equal to each other. 

Dbm. By Art. 4 ; because whichever * 
pair of sides we take, the angles opposite tbem are ei^ual. 

Art. 122. Evertf triangle wJdch has Us three angles 
eqaat has also its three sides equal. 



Tbi 



In the alKive figure let the angles at A, R, c, he all equf 
also the sides ab, bc, ca, are all equal. 
M. By Art. 5. 



Art. 12'3. Where sevei'al right lines meeting another 
right line at the same point, make angles with it, these 
angles are altogether equal to two right angles. 

Let the right hnes cd, ce, cp, e 

meet ab, in the same point, c. f\ ( 

Then the angles acf, pce, ecd, \. / ^.D 

DCS, are together equal Co two ^J,..-'^''''^ 

right angles. A. c b 

DsM. Proved in the same manner as Art. 9. 



Art. 124. Two right lines intersecting each other, make 
angles which taken together- are equal to Jour right angles. 

Let the right lines Asand cd 
intersect. Then the angles 



e all ti 



gether equal to four right an- 
gle>. 

Deal. By Art. 9; for the angles aec, cbb, are equal to 
two right angleS) and the angles, abd, ueb, to two also. 
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Art. 125. If several right lines intersect one another in 
the same pointy all the angles taken together are equal to 
four right angles. 



This is evident [Note SS]. 




Art. 126 A triangle which has two of its sides equal, 
if these equal sides heproduced^ will have the angles beneath 
the third side equal to each other. 

Let ABC be a triangle having 
its sides ab and bc equal. Let 
these sides be produced to d 
and £. Then the angles dac 
and EGA are equal. 

Dem. By Art. 9, the angles 
DAC and GAB are together 
equal to two right angles ; also the angles eca and acb 




Prob. XXI. Given three jfinite lines, of which any two an 
greater than the third, to construct a triangle of which the add 
shall he respectively equal to the given lines. 

Let AB, CD, Ep, be the 
three given lines, of which 
AB and CD are greater than 
EF, AB and EF greater than 
CD, CD and ef greater than 
AB. It is required to con- 
struct a triangle, whose 
sides shall be respectively 
equal to ab, cd, and ef. 

Cons. From any point A 2 

o draw the right line oh, 

equal to one of the given ^ ^ 

lines AB, by Prob. II. . e 1 

From each extremity of gh 

draw the right lines hk, ol, respectively equal to cd and 
EF, by the same Prob. With the point o as centre, an\i with 
the distance ol describe the circle lip ; and with the point b 




lire together eqiiul to two rig'lit angles 
DAC and CAB together are equal to ei 
But b}' Art. 4, the angles cab and i 



I ACH together, 
e equal ; lience 



as centre, and with the distance hk. describe the circle i 
the points □ and ii witli the point i, where these circles 
Then (he triangle niH is die triangle required. 



Deh, an la drawn equal tOAs. 
and therefore equal to bf. Also 



is equal to ol, by Def. 3, 

. . , . ._. _ is equal to hk by the same 

Dkp., and therefore equal to gd.— Hence the three sides of the 
triangle aia are respectively equal to ab, od, and ef. 

Obs. In this manner a triangle may he conBtrucIed equal to a 
given one, by conatrucling a triangle whose three Riiles shall be 
equal respectively to the inree Bides of the given one. By Art, 7, 
these triangles are equal. 



PBOB.XXri Tofindaiiimrcf 

Jjet ABCD, FFQH, be the given 
squares. It is required to £nd a 
square equal to them both. 

Cons. From any point i, 
draw the right line ik, equal lo 
any side of either square, such 
as AD, by Pkob. II. At either 
extremity of ik raise il per- 
pendicular to IK, by Phob. VII., 
and equal to any side of the 
other square, eu, by Prob. III. 
Join KL, and describe the square 
KUtN, by PaoB. X. Then klhh 
Is eanal to abcd and efob 
tocelner. 

Dem. As the augit 
right, the square of kl 
the square of ik togetht 



iUi the square of il, by Ast. 47 ; but 
'qualH EH, therefore, by Abt. 33, the 
square of ik equals the square of ad, and the square of IL equals 
the square of kh. Hence the square of kl is equal to the square 
"' together with the square of eh ; that is, klms is equal to 
ind EFOH together. 
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the remaining angles dac and aec are equal. fNoTe 
TT.l *• 

Art. 127. If two right lines he parallel to the same 
right line, they are parallel to one another. 

Let AB and cd be right 
lines parallel to ef. Then 
AB and CD are parallel to 
one another. 

Dem. Draw the right 
line MN intersecting the 
three given lines. By 
Art. 14, the angles mqa 
and moe are equal ; and 








T 



M 



Pbob. XXIII. To find a square equal to the difference of two 
squares. 

Let ABCD, EFGH^ bc thc given 
squares. It is required to find a 
square equal to the diderence of 
these squares. 

Cons. From any point i draw 
IP equal to ad, tne side of the 
greater given square, by Prob. 
II.; and by Prob. III. cut off 
from IP a part ik equal to eh, 
the side of the lesser square. At 
the point e raise kt perpendicu- 
lar to IP, by Prob. VII. Lastly, 
with I as a centre, and ip as dis- 
tance^ describe a circle cutting kt 
at L. Then the square klmn, 
described upon kl, is equal to the 
difference between the square abcd and the square efoh. 

Dem. As the angle ikl is right, therefore the square of il is 
equal to the square of ik and the square of kl, by Art. 47; 
2. e, the square of kl is equal to the difference between the 
square of il and the square of ik. But as il equals ip, it equals 
AD ; and ik equals eh.— Hence, the square of kl is equal to the 
difference between the square of ad and the square of eh ; that 
is, klmn is equal to the difference between abcd and epoh. 



P: 
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Iif the same Art., the ang-lt 
Hence the angles MQA and i 
Art. 16, the lines ab and cd 



MFC and MOE are equal. 
c are equal ; — that is, by 
e parallel. 



^^ 




G 


P 


a 


i' 


/ 




^./ 


■k 


c~+u 


H 


D 


"-r- 


3''' 



will meet, if produced 



Art. 128. If a right line intersect two right fineg, and 
make the two internal anglesat the Mine side of the inter- 
secting line together less than two right angles, these tiro 
latter right lines will meet if produced svfficiently. 

Let AB he the 
right line intersect- 
ing two other right 
lines BF, CD, and 
making the tivo in* 
ternal angles saf, 
ABD, together less 
than two right an- 
gles. Then the lines 
sufficiently. 

Dem. Draw AS parallel to bd ; and since, by Art 13, 
the angles SAB, abd, together are equal to two right angles, 
they must be greater than the angles fab, abd together. 
Therefore, taking away the common angle Ann from both, 
the angle sab remains greater than the angle fab, and 
therefore af falls within ab and as. Take any point G in 
AS, and draw gh parnllel to ab, which will meet CD, by 
Art. 18, and therefore af, as in the point i. Take also 
AK, KL, LM, succesBively equal to ig, until 4^f be greater 
than AS; and <1 raw in parallel to AO and equal to it. 
Take lo equal to ai, and join on. Consequently the two tri- 
angles lAc, otN, having the angles iag and om equal, by 
Art. 14, and the containing sides also respectively equal, 
the side on is equal to jg, and the angle aig is equal to the 
angle ion. Therefore on is parallel to ic, and therefore, by 
Art. 18, will meet as, as in p, np being equal to IG. In the 
same manner, taking OR equal to Ai, drawing ou parallel and 
equal to AG, and joining RU, we may show that nij is equ;il 
and parallel to ig, or on. Therefore, if produced, it will 
meet as, as in s. us being equal tooporAL. Consequently 
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SR is equal to am, and beings also parallel to it, bd will meet 
SR as in t, by Art. 18. But by the same Art., as bd is 
parallel to as, st is equal to ab, and therefore less than SR. 
Hence the point r of the line af being below the line cd, 
while the point a of the same line is above cd, the line af 
must intersect the line cd. This, &c. [See Note UU.] 

Art. 129, If a parallelogram and triangle he upon 
equal ha^es and between the same parallels, the parallelo* 
gram is double of the triangle. 

Proved as Art. 31. 

Art. 130. If a parallelogram and triangle he between 
the same parallels, and the base of the ttnangle double the 
ba^e of the parallelogram, then the parallelogram and tri- 
angle are equal, 

LetDEFC, ABC, be B "E P 

the parallelogram 

and triangle be- / 

tween the same / 

parallels, and the ^ 

base AC double of ADC 
the base do. Then defc and abc are equal. 

Dem. Draw bd. By Art. '25, the triangles abd, dbc^ 
are equal, and therefore the whole triangle abc is double 
of the triangle dbc. But by Art. 31, the parallelogram 
defc is also double of the triangle dbc. Hence the tri- 
angle ABC and the parallelogram defc are equal. 

Def. XL. If through a given point in the diagonal of a 
parallelogram two right lines be drawn parallel respectively 
to two adjacent sides of the parallelogram, so as to make 
four parallelograms, — then, those two through which the 
diagonal runs, are called parallelograms about the diagonal, 
and the remaining two are called complements of the paral- 
lelogrartis about the diagonal. 
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TTius, if throug-h the point e ^ 

in the diagonal ac of the paral- n,— - —^ -^t: 

lelogram abcd, two right lines g / , j-^ ,|^ 

IF, HG, be drawn parallel re- / ^.'■''/^ / 

■pectively to the adjacent, sides \_ ^-^ ' /. 
AB, BC, they form the parallelo- ' 

grams ahbi, efcg, iibfe, eodi, byDEF. XJ, Then, ahee 
and EFCU are called parallelograms about the diagonal Ac, 
because Ac runs through them ; and hbfe, egdi, are called 
complements of the parallelograms ahei and efcg. 

Art. 131. In a given parallelogram the complementt 
of the parallelograms about the diagonal are equal to 
each other. 

In the above figure the complements hbfe and egdi are 

Dem. By Art. 2'2, the triangle abc is equal to the 
triangle adc, the triangle ahb to the triangle aie, and the 
triangle efc to the triangle egc. Therefore taking away 
the triangles ahe, efc, from the whole triangle abc, there 
will remain the complement hbfe; and taking away the 
triangles aie, egc, from the whole triangle adc (which is 
equal to abc), there will remain the complement egd) ; — 
hence, these remaining complements are equal. 

Abt. 132. If the square described upon one side of a 
tria^igle he equal to the squares described on the other sides 
of the triangle, taken together, the angle opposite to the 
jirst-mentioned aide is a right angle. 
' Let ABC be a triangle, the 
square of whose aide ac is equal .9 

to the square of the side ab to- ,-■■/ 

gether with the square of the aide a •'' 

BC. Then the angle acc is a -A 

right angle. -^ V" 

Dem. At the point s raise r ' r 

BD perpendicular lo bc, but at 

the other side of it from ba ; and make BD equal ba. 
Join oc. By Art. 47, the square of cd is eqnal to the 
square of bd together with the square of bc ; that >s, the 
square of cd is equal to the square of ab together with the 



102 ELEMENTS or GEOMETRf. 

square of bc; consequently, the square of CD is equal to 
the square of ac, and by Art. 34, the side cd is equal to 
the side ac. — Hence, the triangles abc, dbc, having all 
their sides respectively equals have likewise all their angles 
respectively equal, by Art. 6, and therefore the angle abc 
equal to the angle dbc, that is, equal to a right angle. 

Art. 133. Two perpendiculdrs cannot be drawn from 
the same point to the same inght line. 

Let £B, EC, be two right lines e 

drawn from the same point £ to i\ 

the same right line ad. Then eb ' \ 

and EC cannot be both perpendicu- \ 

lar to AB. 

Dem. For if one of them, as eb, 
be perpendicular to ad, then by A b c 
Art. 38, the angle ebc being a 
right angle, the angle ecb is acute. Hence ec is not per- 
pendicular to AB, by Def. VI. 

Art. 134. If two right lines be drawn from the same 
point to the same given right line^ and if one of them he 
perpendicular, the other not, the perpmdicular will fall 
at the side of the acute angle. 

In the above figure, let eb and ec be the right lines 
drawn from the same point e to the same right line ad, 
and let eb be perpendicular to ad, and ec not. Then eb 
falls at that side of ec where the latter forms an acute angle 
with AD. 

Dem. By Art. 36, the angle eca is less than the angle 
eba, and therefore less than a right angle, as eb is perpen- 
dicular. Hence, eb falls at the side of the acute angle. 

Art. 135. If two right lines be drawn from the same 
point to the same right line, and if one of them be perpen- 
dicular, the other not, the perpendicular is less than the 
other. 

In the above Egure eb is less than ec. 

Dem. By Art. 38, as the angle ebc is right, the angle 
ECB is acute, and therefore less than ebc. — Hence by 
Art. 42, the side kc is greater than the side eb. 
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Art. ID6. Each angle of, 
one-third of two right angles. 

Dem. By Art. 119, the ar 
they are together equal to two 
each alone must be equal to one 



,n equal-sided triangle in 

gles are all equal ; and as 
right angles, by Art. 37, 
third of two right angles. 



Z 



Art. 137. In a right-angled triangle whose sides 
about the right angle are equal, the remaining angles are 
each equal to half a right angle. 

Let ABC be a triangle of which 
the angle at b is right, and the sides 
about it, BA and bc, equal. Then 
each of the angles bac, bca, is equal 
to half a right angle. 

Dem. By Art. 37, the angles bac 
and BCA are together equal to one right angle, the angle 
at B being right. — Hence, each of the angles bac, bca, is 
half a right angle, inasmuch as they are equal by Art. 4. 

Art. 138. If from a point within a triangle right lines 
be drawn to the extremities of any side, these are together 
less than the other two sides of the triangle, but contain a 
greater angle. 

Let da, DC, be drawn from the 
point D within the triangle abc, to 
tbe extremities a and c of the side 
AC. Then da and DC together are 
less than ba, bc, together; but the 
angle adc is greater than the angle 

Uem, Produce CD till it meets ab 
in E. By Art. 43, eb and bc are togetber greater than 
EC ; therefore adding- ea to both sides, ab and bc together 
will be greater than Ae and ec together. But by Art. 
43, AE and ed together are greater than AD; therefore 
adding dc to both sides, ae and ec together ere greater 
than AD and dc together. — Hence, as it was shown that 
ab and BC together were greater than ae and EC together, 
AB and bc together must be still greater than ad and dc 
together. 
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Again : the angle adc is greater than the angle a eg, by 
Art. 36, and by the same Art. the angle aec is greater 
than the angle abc. — Hence, the angle adc must be still 
greater than the angle abc. 

Art. 139. In a triangle which has two equal sides, the 
right line d/r awn from the vei^tex of the angle between them, 
perpendicular to the third side, divides that angle, and also 
the third side into two equal parts. 

Let ABC be a triangle having the sides 
BA, BC, equal. Then if bd be drawn ^ 

perpendicular to ac, it divides the angle . > 

ABC into the equal parts abd and cbd, / 

and also the third side ac into two equal / 

parts, AD and dc. / 

Dem. In the triangle abd, cbd, the a ^> t- 
sides AB, CB are equal, the angle at a is equal to the angle 
at c (by Art. 4), and the right angles at d are also 
equal, by Art. 8. — Hence, by Art. 46, these triangles 
are in every respect equal to one another ; that is, the 
angle abd is equal to the angle cbd, and the side ad to 
the side dc. 

Art. 140. In a triangle which has two equal sides, a 
right line dividing the angle between them into two equal 
parts, if drawn to the third side, will divide it into two 
equal parts, and also be perpendicular to it. 

In the above figure, if bd be drawn dividing the angle 
ABC into two equal parts, abd, cbd, and meeting the third 
side AC at D ; then, the parts ad and dc are equals and 
the line bd is perpendicular to ac. 

Dem. The first part is evident from Art. 1 ; and the 
second from Art. 2 and Def. VI, 

Art. 141. Ina triangle which has two equalsides, a right 
line draumfrom the vertex of the angle between them to the 
middle point of the third side, divides the opposite angle into 
two equal parts, and is also perpendicular to the third side. 

In the above figure, if bd be drawn to the middle point 




Art. 142. In a circle, if two chords intersect, which 
are not both diameters, they do not divide each other into 
equal parts. 

]n the circle abcd, let the two j 

chords AC, BD, intersect at the point 
E, which is not the centre. Tlien, 
AC, BD, are not hoik divided equally 
at E. 

Dbm. If one of these lines, us Ac, 
pass through ihe centre F, the other 
does not (as in lig. 1), and therefore 
caon.ot pass through the middle point 
of the former, which is the centre. If 
neither paHs through the centre, draw 
EF from their point of intersection to 
the centre. Then, let either of them, 
as AC, be divided equally at e, and the 
line Kf will be perpendicular to AC, by Art. 52 ; conse- 
qnently the angle fea is a right one. Now, suppose the 
other BD also divided equally at e, the line £b- would be 
also perpendicular to bd, hy Art. 5'2, and the angle feb 
consequently a right one. Therefore the angles fea and 
FEB would he equal, by Art. 8, the part to the whole, 
which is impossible.— Hence, the above supposition is false: 
BO is not divided equally by AC. In the same mLinner we 
can show that if bd be equally divided at e, then AC is not. 

Art. 143. If from a point within a circle there can be 
drawn more than two equal right lines to the circumference, 
this poin I is the centre' of the circle. 

By Art. 68. 
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Art. 144. If a right line he drawn from, the point of 
contact nearer the centre than the tangent^ it cuts the circle. 

Let the right line ad be drawn from 
the point of contact, A, nearer the centre 
c, than the tangent ab. Then ad cuts 
the circle. 

Dem. For suppose ad not to cut the 
circle, but to be wholly outside of it. 
Since the angle bag is a right one. 
the angle dac is acute ; and therefore, 
by Art, 134, if a perpendicular from c 
be drawn to ad, it will fall at the side of 
the acute angle dac. Let ce be that perpendicular. Now, 
in the triangle ace, the angle cae is less than cea, ce being 
a perpendicular, by Art. 88. Therefore, by Art. 42, CA is 
greater than ce; that is, on the above supposition, cf, which is 
equal to cA, would be also greater than ce, — a part greater 
than the whole, which is impossible. — Hence, the above sup- 
position is false ; that is, ad does not lie wholly outside the 
circle*. 

Akt. 145. At the same point of the same circle but one 
right line can be drawn touching the circle. 

Evident from the preceding Article. 

Art. 146. If one side of a quadrilateral figure inscribed 
in a circle be produced, the external angle thus formed is 
equal to the inte^mal remote angle of the quadrilateral. 

By Arts. 69 and 9. 

Pbob. XXIV. To draw a tangent at any given point in the 
circumference of a circle. 

Let A be any point in the circum- 
ference AEF. It is required to draw 
a right line, which shall, be a tangent 
to the circle at the point a. 

Cons. Join the point a with the 
centre c ; and raise ad perpendicular 
to AC Then ad is the required 
tangent. 

J)em. By Art. 66 and Be f. XX. 

* Therefore, however small the angle dab may be, or however great 
the angle dac, the right line ad always cuts the circle, and no right line 
can be drawn to the point of contact between the tangent and the cir- 
cumference. 
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Art. 147 . The dijfe)-ence between the squares of any two 
unequal right lines is equal to the rectangle under the sum 
of the lines and their difference 

Let AB, CD, be any two right 

lines. Produce the greater of ^ — 5 ^ ■ 

them, as ab to e, so that be 

may be eqtijil to cd : ae will be ^ J, 

equal to the fium of ab and cd. 

From the point b take a portion bf on AB equal to cd, and 

AF will be equal to the difference of ab and cd. Then, 

the difference between tbe square of ab and the square of 

CD, is equal to the rectangle under ae and af. 

Dem. By Art. 90, the square of ab is equal to the rect- 
angle under ab and fb, logetlier with tbe reetang'le under 
ab and af; which former rectangle is, by Art. 91, equal 
to the square of fb (or of cd) and the rectangle under fb 
and AP. TherHfore the square of ab is equal to the square 
of CD, the rectangle under fb and af, and the rectangle 
under ab and af; that is, the square of ab exceeds the 
square of cd, hy the rectangle under FB and af, together 
ivith the rectangle under ab and af. But, as fb equals 
BE, the rectangle under fb and af, together with the rect- 
angle under ab and af, is equal to the rectangle under 
BE and AF, together with the rectangle under ab and af ; 
and consequently to the rectangle under ae and AP, hy 
Abt, 89. — Hence, the square of AB exceeds the square of 
CD, by the rectangle under ae and Af; or in other words 
the difference between the square of ab and the square of 
CD is equal to the rectangle under the sum and the differ- 

Ab.t. 148. If a right line be equally divided, and pro 
dueed to any point, — then the rectangle under the mhole 
line and the produced part, is equal to the difference between 
the square of half the original line, and the square i^f the 
line made up vfthat half and the produced part. 

Let AB be a right line divided 
equally at c, and produced to A c a j> 

the point D, Then the rect- " 

angle under ad and db is equal to the difference between 
tbe square of cb and the sqnare of cd. 



Dem. By Abt. preceding', tlie difference between thd 
nquare of cb and the square of CD, is equal to the rectangle 
under the sum of these lines and their diffBrence ; but, u 
AC equals CB, AD is their sam, and bd is their difference. 

Art. 149. If a right line be divided into tivo emial parti, 
and into two unequal parts, the rectangle under the uneMttt 
parts is equal to the difference between the square ofh^f 
the line, and the square of the intermediate part. 

Let AB be a right line divided 
equally at c and unequally at d. a c a B 

Then, the rectangle under ad and 

UB is equal to the difference between Ihe square of AC and 
the square of CD. 

Dem. By Art. 147, the difference between the square 
of AC and the square of CD is equal to the rectang-le under 
the sura of these lines, and their difference; but as is 
their sum, and (as ac equals cb) db is their differences^- 
[Note VV.] 

Art. 150. If a right line be divided equally and «*- 
equally, the rectangle wider the equal parts is greater thtat 
the rectangle under the unequal parts. 

By preceding Art.; for the rectBni;le under the equal 
parts is the square of half the line, which exceeds the rect- 
angle under the unequal parts by the square of the inteiv 
mediate part. 

Obs. Hence, the more unequally a line is cut, Ihe less 
will he the rectangle underihe parts. 

Art. 151. If a right line be cut equally and unequally. 
Ike sum of the squares of the unequal parts is greater than 
the sum of the squares of the equal parts, — or, in othtit' 
words, greater than twice the square of half the line, 

Dem. By .4et. 92, the square oCthe whole line is etpai 
to the sum of the squares of the unequal parts, together 
with twice the rectangle under those parts j and by Art. 
S3, the square of the whole line is equal to four times 

are of Hblf the line. Consequently, the sum of tha 
. ^ area of the unequal parts, together with twice the reotr-^ 
K«ngle under these parts, is equal to four times the square of 
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half the line. Bat, inasmuch as, hy the preceding Article, 
twice the rt'ctangle under the unequal jiartB is less ihan 
twice the Equave of half the line, — hence the sum of the 
squares of the unequal parts must be greater than twice the 
square of half the line. 

Obs. Also, it is plain from the above demonstration, that 
the mure unequally the line is cut, the greater becomes the 
8Qm of the squares of the unequal parts. 

Art. 152. Jf two equal Iriangleg have an angle in the 
one which together with the angle in the other « equal to 
two right angles, the sides about these angles are recipro- 
cally proportional. 

Let ABC, DEF, he two equal u ^ 

triangles, and let tlie angle at A, u g , .-? 

together with the angle at v, be 
equal to two ri^'ht angles. Then, 
Ihe side ab is to the side ef a^ 
the side fd is to the side ac. ■*■ c » f 

Deu. Complete the parallelugrams ao and fh. By Akt. 
22, these parallelograms are equal, being doubles of equal 
triangles. They are also eqni-angular, by Def. XXXVII. 
—Hence, by Art. 06, ab is to dh (or efJ as df is to ac. 

Art. 153. If two triangles have an angle in the one 
which together with an angle in the other is eqtial to two 
right angles, and if the sides about the given angles are re- 
ciprocally proportional, — thenthese two triangles are equal. 

In the above figure, let the angle at a, together with that 
at F, be equal (o two right angles, and let the side AB be to 
KF as DF to Xc. Then the triangles abc, def, are equal. 

Dem, Complete the parallelograra AG and fh. These 
parallelograms are equi-angular, and the sides about their 
equal angles are granted reciprocally proportional, namely, 
AB is to HD (or ef) as df to AC; — hence, by Art. 9r, 
these parallelograms are equal, and therefore the triangles 
which are their halves are equal. 

Art. 154. If four right fines be proportionals, the 
parallelogram under the extremes is equal to an equi- 
angular parallelogram under the means. 

Proved as Art. 100. 
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Art. 155. If two chords' of a circle intersect^ the rect- 
angle under the segments of one is equal to the rectangle 
under the segments of the other. 

Let the chords ab, cd^ intersect at 
the point e. Then> the rectangle under 
AE and eb is equal to the rectangle 
under ce and ed. 

Dem. Draw the lines ad and cb. 
By Art. il, the vertical angles at e 
are equal; and, by Art. "0, the angles 
in the same segment dab, dcb, are 
equal ; and also the angles adc, abc. — Hence, as the tri- 
angles aed, ceb, are equi-angular to each other, ae is to 
ce as ED is to eb, by Art. 112 ; that is, by Art. 100, the 
rectangle under ae and eb is equal to the rectangle under 
CE and ED. 

Art. 156. If from a point without a circle a secant and 
a tangent he drawn to the circle^ the square of the tangent 
is equal to the rectangle under the whole secant and its 
external part. 

Let AB be a tangent, and ad 
a secant, from the point A to the 
circle dbc. Then the square of 
AB is equal to the rectangle 
under ad and AC. 

Dem. Draw two right lines 
joining the point of contact b 
with the points c and d where 
the secant meets the circum- 
ference. By Art. 75, the angle abc, under the tangent 
AB, and the chord bc, is equal to the angle bdc in the alter- 
nate segment. Therefore, as the angle at a is common to 
the two triangles abc, abd, these triangles are equi-angular 
to each other, by Art. 39. — Hence, by Art. 112, as ad is 
to AB, so is AB to AC ; that is, by Art. 102, the rectangle 
under ad and AC is equal to the square of ab. 

Art. 157. If from a point without a circle two right 
lines he drawn^ one cutting the circle, the other meeting it 
at any point, and if the rectangle under the whole secant 
and its exterior part he equal to the square of the line 
which meets the circle, — then, this line is a tangent. 
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Let AD be a Becant drawn from the point A; and 
right line from the same point meeting' the circle 
Also let the rectangle under ad and ac be equal t 
square of ab. Then ab is a tangent to the circle db 

Dem. Draw from the point 
A B. tangent ae, and join the 
centre F with the points e and 
B. By the preceding Art., 
the square of ae is equal to 
the rectangle under ad and 
AC, which rectangle is granted 
equal to thesquareof ab; con- 
sequently the square of ae is equal to the square of ab, 
and therefore, hy Art. 34, AE is eqnal to ab. In the tri- 
angles APE, AFB, the three sides of the one are, therefore, 
equal to the three siiies of the otlier, rEspectively ; aa eb 
and FB are radii of the same circle. The angle at b is 
conseijuently eqnal lo the angle at e, hy Art. fi; but the 
angle at e is equal lo a right angle, by Art. 56, and there- 
fore so is the angle at b.— Hence, by Art. 55, as ab is 
perpendicular to the radius fb, it is a tangent. 

Art. 158. A right lim 
angle, and meeting the other 
that the gegmenls of the 
iegmenia of the other*. 

Let the right 
line de, parallel to 
AC, cut the siiies 

through A and c, 

asin6g.l.orboth *.<' 

produced through 



•alkl to ant) side of a tri 
r lidea produced, cuts them s- 
e have the tame ratio as th 



The segments of -D B A C 

in, are da, Ob, 

and the segments of fic, are £C, eb. Then, da is to d. 

as EC to EB. 

Dem. The proof is exactly the same as in Art. 110. 



112 ELEMENTS OF GEOMETRY. 

Art. 159. A right line cutting any two produced sides 
of a triangle^ so cis to make the segments of the one pro" 
portional to the corresponding segments of the other, is 
parallel to the third side. 

Proved exactly as Art. 111. 

Art. 160. If a right line parallel to any side of a tri- 
angle divides either of the other sides equally, it wiU divide 
both equally. 

In the triangle arc, if the parallel ^ 

DE divides ab equally at d, it divides y\ 

BC likewise equally at e. ^ \ 

Dem. By Art. 110, ad is to db > ^ 
as EC to EB ; therefore as ad is equal y/^ \ 
to DB, EC is equal to eb. ^. ^ 

Art. 16 1. If a right line divide two sides of a triangle 
equally i it is parallel to the third. 

If in the' above figure de divide the sides ab, bc, equally 
at the points d and e, then de is parallel to ac. 
Dem. By Art. 111. 

Art. 162. If several right lines he drawn parallel to a 
side of any triangle, and meeting the other sides, the seg- 
ments of one of these sides have the same ratio as the 
corresponding segments of the other. 

Let the right lines de, fg, hi, be l^ 

drawn parallel to the side AC of the /\ 

triangle arc. Then bd is to df as ^^^ — ^ 

BE is to EG; and df is to fh as eg ^ 

is to Gi; and fh is to HA as Gi „ / 
to ic. / 

Dem. Since de and fg are both j^ '" ^^ _ 

parallel to AC, they are parallel to 
each other, by Art. 127. — Hence, by Art. 110, since in 
the triangle fbg, de is parallel to fg, bd is to df as be is 

to EG. 

Again: Draw dl parallel to bc; and ke, lg, will be 
parallelograms, by Art. 127 and Def. XI. Consequently 
DK is equal to kg, and Ki* to gi, by Art. 20. — Hence, as 
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in the triangle hdl, df is lo fh as dk is to KL, by Art. 
I lU, therefure sf is to fhbs eci is to gi. 

In the same manner, by drawing- pm parallel to bc, it 
may be sbown that fk is to ha as gi to ic. 

Art. 163. A right line dividing' any aitgle of a in- 
angle into two etiual parts, divides the opposite «rfe into 
segment* whick have the same ratio as the sidee tehich 
contain the divided angle. 

Let ABC be a triangle, of which k,.-: 

the ang-le at b is divideil into two .-' ; 

equal parts by the right line bo. '; 

Then ad is tu DC as ab is to bc. 

Dem. Draw ce parallel to bd 
and meeting ad produced in e. 
By Art. I4, theang-le BEcisequiil ^ I '', 

to the angle abd, or to the angle ^ or 

DBC; and by AitT. 12, the angle ecb is equal to the angle 
DBC 1 therefore the angle bec is equal to the angle ecb, 
and therefore, by Aht, 6, be Is equal to bc. But by Art. 



/ 



4^ 



Prob. XXV. To divide a give 
parU ti'hirh thai I have the wme 
nf another given iHeided rii/ht lini 

Let CD be a right line 
divided into any num. 
ber of parts at the points 
E. F, □. It is required to 
divide the line ab into a.-^- 
the same number of u 

parts, and so that an 
may be to no as ca to 



CoNB. From the point 
A, draw a right line ah, ^ 

tntMna an angle with 

A8. Upon this line ah take am, mi., lk, ki, equal respecllvelj 
to CB, EF, Fo, OG. Juln tB, snil draw kp, lu. un, alf parallel 
to IB. Then tlie line ab is divided at the poioU, n, o, r, *x 
required. 

Dkm. By ArL 182. 
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110, AD is to DC as AB to BE. — Hence, ad is to dc as ab 

to BC. 

Art. 164. If a right line drawnfrom any angle of a tri- 
angle to the opposite side divide that side into parti which 
' have the same ratio a* the corresponding sides about he 
given angle f this angle is divided into two equal parts. 

In the above figure, let the right line bd be so drawn 
that ad may have to dc the same ratio as ab to bc*. 
Then, the angle abc is divided into two equal parts abd 
and dbc. 

Dem. By Art. 110, ab is to be as ad to dc, and there- 
fore as AB to bc, by the terras of the present Art. Con- 
sequently be is equal to bc, and therefore (Art. 4) the 
angle bce to* the angle bec. But as bd is parallel to ec, 
the angle dbc is equal to bce, and the angle abd to bec, 
by Arts. 12 and 14. — Hence the angles dbc and abd are 
equal. |^Note WW.] 

Art. 165. In a right-angled triangle^ a perpendicular 
drawnfrom the vertex of the right angle to the opposite side, 
is a mean proportional between the segments of this side. 

Let ABC be a triangle, right an- 
gled at b; and let bd be perpen- 
dicular to AC. Then ad is to bd as 

BD to DC. X' '- D C 

Dem. As the angle at A is common to the two tnangles 
ABD and ABC, and as the angle abc is equal to the angle 
ADB, by Art. 8, — the angle acb is also equal to the angle 




Prob. XXVI. To make a square equal to a given rectangle. 
Cons. Find a mean proportional between any two adjacent 
sides of the given rectangle, by Prob. XX. Then a square de- 
scribed upon the mean so found will be equal to the given rect- 
angle. 

Dem. By Art. 102; for the square of the mean found, is 
equal to the rectangle under the extremes, (that is, under the two 
adjacent sides of the given rectangle), or to the given rectan^e 
itself. This, &c. 

♦ The aaserlion mado in this theorem is true only when ab is to oc 
M the corresponding side ab is to the corresponding side bc. We use 
the word ^^corresponding'' as plainer, though not so adequate, as ** con. 
terminous,'* for which see p. 125. 




sequently, tbe triangles 
;h olher. — Hence, the correspondiUg; sides 
ratio to each other, bj Art. 112; that is, 



Art. 166, In mch a triangle as above described, eachgide 
aboul the rightangle U a mean proportional hitween the ear- 
responding segment and the side opposite the right angle. 

In the above iignre As ia to Ab as ab to ac; also cd is 

Dem. Since the triangle!; abd, abc, hare the three an- 
gles of the one respectively equal to the three angles of the 
other, consequently, by Art. 112, the corresponding sides 
Are proportionals. — Hence, ad is to ab as ab to ac. In 
IS to CB as CB toCA. 



Art. 167. In such a triangle as above described, the 

three sides and tile perpeTidicular are proportionals- 
la the above figure, Ac is to A b as bc to bd. 
Dem. The triangles abc, abd, are equi-angular to each 

other. — Hence, by Art. 112, ac is to ab as bc to sd. 
Art. 168. In the same circle, the angles, whether at the 

centre or circumference, have the same ratio to each other 

as the arches thetf stand on. 

Proved in the same manner as Arts. 119 and 120. 
Art. 169. In a circle, any angle is to Jour right angles 

as the arch on which it stands to the whole circumference. 

In the circle acd, the angle abc 
is to four right angles as the arch 
AC to the circumference acda. 

Dem. Draw be perpendicular to 
BA prodnced to d. Then the arches 
AE, ED, DP, FA, areeqnul, by Art. 
86, because the angles standing 
upon them being right angles are 
equal by Art. P. But by last Art. the angle J 
angle abe, as the arch AC to the arch ae. — Hence, the 
angle abc is to four times the angle abb as the arch ac to 
four times the arch ae, or the whole circumference aedfa. 




is to the 
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Obs, There are several changes which may be performed 
on a series of four proportionals, and which the student 
will find useful in practice. It may be well to annex them 
in the form of Articles to the preceding Collection. 

Art. 170. In a series of four proportional right lines, 
the second is to the first as the fourth to the third. 

Let AB betocD as ef to gh. Then 
also, CD is to AB as gh to ef. ^ ^ 

Dem. By Art. 100, the rectan- c d 

gle under cd and ef is equal to the ^ ^ 

rectangle under ab and gh. — Hence 

by Art. 101, cd is to ab as gh to ^ ^ 

EF. 

Obs. The change on four proportionals made in the above 
Art. is called Invertendo, or Inversion* 

Art. 171. In a series of four proportional right lines, 
the first is to the third a* the second to the fourth. 
In the above diagram^ ab is to ef as cd to gh. 

Dem. By Art. 100, the rectangle under ab and gh is 
equal to the rectangle under cd and ef. — Hence, by Art. 

101, AB is to EF as CD to GH. 

Obs, The change made in this Art. is called Permu- 
tando, or Alternando, or Permutation^oi Alternation, 

Art. 172. In a series of four proportional right lines, 
the sum of the first and second is to the second as the 
sum of the third and fourth is to the fourth. 

Let AB be to cd as ef to gh. Then the sum of ab and 
CD is to CD as the sum of ef and gh is to gh. 

Dem. By Art. 100, the rect- 
angle under ab and gh is equal 
to the rectangle under cd and 
ef. Add the rectangle under 
CD and GH to both sides, and 
then the whole rectangle ai is 
equal to the whole rectang;le if. 

Consequently, by Art. lOl, the P .k; 

sides of these rectangles are re- 
ciprocally proportional; that is, AD is to hi as hf is to 
Di. But AD ib equal to ad and CD, hi to od, hf to Eif 
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and GH, 
to CD as 

Oba. Tbp change mnde in this Art. is called Coi 
NENDO, or Composition. 

Art. 173. In a series of four proportional right linet, 
the difference between ihejirst and second is to the secondat 
OiB difference between the third and fourth is to the fourth. 

Let AB be to CD as ef to gh. Then 

the difference between AB and CD ia [■* '-' 
to CD as the ditFereiice between ef h 1 
and GH is to GH. I p 

Dem. By Art. 100, the rectangle [ i' i 

ander AB and Gil is equal tothe rect- ^' f " 

angle under cd and ef. Take away from both the common 
part sr, and the rectangle AI remains equal to the rectangle 
ID. Conseqnentlj-, by Art. 101, the siiles of these rect- 
angles are reciprocally proportional : that is, ae is to CD as 
CI to IE. But AE is eqnal to the dltference between AB 
and (be nr) cd, ci is equal to the ilifference between eb 
anj (El or) on, and IE is equal to cii. Hence, the diiFer- 
ence between ab and cd is to cd as the difference between 



n this Art. is called Dividendi 



Obs. The change re 
or Division. 

Art. 174. In a series of four proportional right Unef, 
the first is to the sum of the first and second as the third it 
to the sum of the third and fourth. 






s to the sura 
) the 



of A 

Dem. Adding the rectang:le 
AP lo tlie equal rectane-Ies 
(Art. I'nO) under ab and GH. 
EF and CD, the rectangle if 
becomes equal to the rectangle A 
1H is to AD as UK to IIF; that i: 
anil CD as EF is to the sura of ef 



lence,by Art. 101, 
R to the Biim of ab 
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Obs. The change made in this Art. is called Conver- 
TENDo, or Conversum* 

Art. 175. In a series of four proportional right lines, 
the first is to the difference between the first and the second 
as the third is to the difference between the third and the 
fourth. 

Let AB be to cd as ef to gh. Then 
AB is to the difference between ab 
and CD as ef is to the difference be- 
tween EF and GH. 

Dem. From the equal rectangles 
(Art. 100.) under ab and gh, ef and CD, taking away the 
common part eb, there remains ge equal to fb. Adding 
to those the rectangle ac, then the whole hc M equal to the 
whole KB. — Hence, by Art. 101, ab is to Kcas kh to ka; 
that is, AB is to the difference between ab and CD to ef is 
to the difference between ef and gh. [Note XX.^ 

Obs. The change made in this Art. is also called COM- 
VERTENDO, OT Conversion, 





Ndtk UH. Simeoa leaves nut Ihc won] 
Dccututfl] kixil :idDptfl the word 
nMrly unintelligitile. 

^oTK 11. It ia with the utmost diffidence that ve venturs to dit- 
unl tram the opmioa of Dr. Bjirron, and indeed all the great geome- 
len who luTo fnllowcd him, that this DeliniiioD in tht ElementB of 
Euclid it nogitory nod aiiperfliioua. How ire we to undentand tfaa 
ward when it orcurs In the following; deBnitian, if it be not expUined 
liEreF In Def. V. El. of Euclid, the ptinw " tame ntio" b expliiaed, 
hut not the word nitio ; id that if the present definition were left out, u 
Dr. B. insinuntei it might be, we ihould in Dr-r. V. defino the menD- 
ing of (wo WDrda, while one of them remained unintelligible. It would 
be theume thing as if ne defined what egual trinnglee were, without 
Snt defining what triangles themgelvci were. As for Dr. B.'s objcctjoa 
Ihit (Ub definition is not repeated in Book 7th, when it waa as neceasarj 
ai hare, — it ms]' be asked, why should the same thing be deHned lurice ^ 
And u to his other remark that nothing is deduced FiMm it, he might u 
well my Ihil the genei»l deBnitioni of an Angle, a Figure, &i., were 
uEoleu, because neither from these ii anj thing deduced. The fact is. 
thtt ikii is a definition of abitracl Ratio, wbich is the mutual relation of 
two umilar quan^ties as to magnituile ; and Det. V. rt^ards not tbii 

particular kind of ntio. 

Quaatiliee are of three kinds, Number, Time, and Eitenucn. Any 
two, of the same kind, may be compreil as lo greatDeis or magnitude, 
■nd thuir relation in this respect is called their Ratio, The common 
definition of ICaiio would teem to eielude all quantities but geometrical 
&ani tbe potsibilitv of hiring this relation, which is equally incident to 
themaU. 

XoTE KK. For this definition of fbur Prapaniouds we are indshtod 
to a work published in Ireland by Dr. Elrington, the present Bishop of 
Ferns *. Euclid's definition hu long been considered objectionable, m- 
BiiDUcb u it luu no retemblancc to the common nation of preportionililj-. 
It It acknowledged, on all hands, that deflnitions ihould be taken trom the 
easier and more familiar notions with which WD ue in general coniar- 
sant. At all events, for a treatise like tbe pieeeal, which is iulcnded to 



' The Firtt Sir Booki ef the Elaamli nf Euelid. Duiiih. 
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be elementary and popular, the definition ^ven in Euclid is totally un- 
suitable. . Remote as it is from common principles, we could never hope 
to explain it, nor even to illustrate it, by any examples. In choosing the 
definition in our text, we have been able to bring down this» the most 
abstract doctrine of Plane Geometry, to the level of all capacities, by 
showing how the common idea of proportional magnitudes gradually refines 
itself into the scientifical definition. 

Let us now proceed to show the adequacy of this Definition, and explain 
its nature more fully. It is to be particularly observed, that where two 
quantities have the same ratio to each other as two other quantities have, 
every submultiplc of the first must be contained the same integral number 
of times (and no oftener) in the second that an equi-submultiple of the 
third is contained in the fourth. Thus, 6 has to 42 the same ratio as 
9 to 63; because the submultiples 1, 2, 3, (and all others), of 6, are 
contained in 42 the same integral number of times that the ^^ui-snbmnl- 
tiples 1^, 3, 4^, (and all corresponding ones) of 9, are contained in 63* 
But 8 has not to 13 the same ratio as 16 to 27 ; because, although certain 
submultiples of 8, as 1, 2, 4, are contained in 13 the same intend 
number of times that the equi-submul tiples of 16, i. e. 2, 4, 8, are con- 
tained in 27, yet a submultiple of 8, viz. ^, is contained 26 times in 13, 
while the equi-submultiple of 16, viz. 1, is contained 27 times in 27 : . 
hence, the ratio of 6 to 13 is not the same as that of 16 to 27. Again : 
We are not -to understand by the terms of this Definition that, when two 
quantities have the same ratio as two others, every submultiple of the first 
is conUdned in the second ; but merely that for every submultiple of the 
first which happens to be contained in the second, there is an equi-sub- 
multiple of the third contained as often in the fourth. Thus 42 has to 6 
the same ratio as 63 to 9. Because, though 7, which is a submultiple of 
42, is not contained at all in 6, neither is the equi-submultiple 10^ of 63 
contained in 9 ; but I, 2, and every other submultiple of 42 which it 
contained in 6, is contained in it the same integral number of times that 
1^, 3, and every other corresponding submultiple of 63 is contained in it. 
Also : By comparing this Definition with Dep. XXXIII. the reader will 
perceive that there is a • distinction between " contained" and *' contained 
exactly.'*^ Thus 2 is contained 3 times in 7, but not 3 times exactly. 
If we had introduced the word *' exactly*' into the present definition, 
we should have thereby excluded a very large and important class of 
quantities from the possibility of being compared as to ratio in our sense 
of the term. For example, there is no portion, however small, of the side 
of a square which is contained an exact number of times in the diagonal : 
yet the side and diagonal of a square may have the same ratio as two 
other quantities. In order that our definition should embrace such quan- 
tities, we purposely omit the word " exactly ;" and require only that every 
submultiple of the first of four quantities should be contained in the 
second the same integral number of times (though with a remainder), 
that an equi-submultiple of the third is contained in the fourth (thouf^ 
with a remainder). It would be needless to push this subject fiulher in 
a popular and elementary Treatise. We have said enough to show that 
the terms of our definition render it applicable to incommensurabie quan- 
tities, i. e. those which have no common submultiple, or measure. 
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Not. LU The coonesion betwe.i 
NnmliBn will bo ahonn in our treai 
C!n>iiETRy. In tlio present «ork, it 
u &[ as posaibte to ideas purely g 



Note MM. All tlie Articles in ihig Lesson may be ptovcd in 
nunner u Akti.- 94, 95, 96, 97, 98, 99, respeclinily. 

NOTI NN. la the eaunciidon of tbie At- B 

tido it ii necmeairy la introduco the conditioq— 
IbU Ibe correapgnding aegmenta ebould be a 
tbfl ume lide as the inlcrsectDr ; for, if di wen 
lo DB u Bg to EC, the line DC nould oat hi 
parallel In .c* 

Non 00. This proof i> (lightly differeat froia tbat in the iiist EdilJDD. 
owing to the cbinge made in Akt. 1 8. 

NoT« PP. It is plun at once from Arts. 8 and 33, tbril if the third 
angles be both right onet, the tiiangles must be e(|uiangu1ar. 

Tbs trianglei are aJso equiangular if, on angle iu tbe one being equitl 
to an angle in the alher, and the sides about analheT pair of angles pro- 
portional, — one of the reoiuning angles is given a right angle. Thus, if 
the angle at ■ be eiiual to the angle al r, and if SA he to ed as tc to at, 
then the ttiangles are equiangular if hut one of the angles at c and r is 
given aright anglH. For, let ttiB angle 
at c be the right angle, and tup- 
pote the ingle sic not equal tr 
ur, hut that the angle big ii 
equal to tlie angle tnr. Then, ii 
the iume ws; as in the dctiionalTa< 
lion of Aht. 115, ID wpulJ be * " " '' 

proved equal to ic, and coneequentl; the angles at c nnd q equal, br 
Ak-t. 4, and therrfun both of them nciile, b<r Aut 38. But the angle 
at c is gmnled to he a right one ; ronaeiiaendf tlie above supposition t« 
lalse, — that is, the angle gio is not equal to F-nt. And in Ilie ume 
vrf it CUD be shown that no other angle but Bic is equal la sni ; — 
henee, tbe ttiangles tac, nzr, are equiangular, hy A&t. 39. 

NoTK QQ. This may be ilemonstiated io tbe same manoer as Llir 
preceding Artich?. 

Nom KB. With all the advanloges of our definition of ProportiDnals. 
ill point of denmets and familiarity, above Euclid's, the latter has this 
one dreuoistonce to Rdommend it, that it alfords a dtrtcl proof of the 
present Article, instead of tbe indirect one which we are obliged to make 
iiH of. Sitcb a superiority is, bowever, much more thui coni]<ensated 
by the gcnenl ease and satisfaction with which a reader ii enabled to master 
the l>octriiie of Proportion ai built upon our Definition. 




ithing from 



liii Eucliil before iDcnlioned, gives ■ direct prsoT I 
d on LLe definiLion of pioporlisniilB, nhich we hug I 
oof u not |iericctly IcgiUnwls, involnng ■ probliA I 
ir jet Bolyed, namd.r, tlia ti' -■ ' . t. . ■ 

I iM liiinit that tbia circumalBDce 
' ih. Elrington'e proof; Ihough 

I (Bometcic^ couttiueljon for the tritecUon of an angle, ilio problnnv 
I 4Meolly postiile, iKii all results grouniled on Ibe suppaaiiiim ^ tbt 
[ problom bring nwolwd Bra to ub as coQcluavB as if it were BEtuJly 
I TOSdlTod. But we have thougbl it bcel to control our prisale opinion, 
tud lather to give an iiidirect proof, than a direct one, idiose iegidmacj 
wag, in ibo slightest degree, queeliaRable. 

NoTB SS. In geamelrj WB ofleu apeafc of Ihe anglei round a ^ -ir~^ 
I £f thia we mean sll the angles which can be formed bj linei divMjiafS 
^ sm a pmnt in space. 

Thus the angles sac, cad, die, Eir, fib, 
are the angles round tho point i. 

It ia pli^n, from Art. 1Q5, tliat all Ihe 
angles round a point are logellier equal to 
four right angles. 

We also frequently spmk of an angle 

B'Mual to two right sngles. This ia con. 

P tUBedl; an impronriel; of speech, but it 

I -ft recognised for brevity's ssho. All the 

SBgles which an be made at one side of a 

light line ib, bj anj number of right lines 

cr, are, by A«T. 123, equal to two right 
angles ; if, theretbre, we cliaosc to consider 
cs atid ca tho two sidca of an angle sjiread 
out into a right line, then the whole angular 
■pace (measured by the aeminrcle «i n ol 
between ci and ca, is equal to two right angles. 

Mote TT. This is the seeond part of Paop. Vtb., B. L, Edolio. 
it is of no great utilil;, and therefore wo have rela 
(AdT. 4) in our lest. 

Note UU. There is little liiSicultj in giving n . 

Edition. Those who ma;' have thought our syalem of paialtela i 
from Ibis cinumstance, will be undeceived by the abore dcmonatn 

our Iheorj ; but it certunlj' 

parallels contsim perhaps more than wo are malhematicallr e 
asanme ; but it is, at all evenU. Bufflcienlly aceumle iu a popular T 
beii^ no more than the popular notion otpanllels, srieutificallj stati 
It is to be observed that the abate theorem not being requiute t< 
Elements may be proved by ang of then 
In prove it here, lest invalidity might havi 
DUr postponing it. The following ia n tei 
srluciples of Pmr III. 




tbeu 



9 line 



d Lhcret 



10 joining 
cnincida 



ndd M, (bj Phob. XVIll), 
1. But BD is also iianilJcl Ki 
nthBu (Am. 13). Hi-ncr, 



,r in tfae point c. 

We hRtc only to add, Oint tfaia i> the propositioii nhich ii< UBnine'l b 
Euclid u Mif-evideal—tbe tuuoaa 12lli Axiom. U)nn it iafoundc 
mlmost tbe whole System oF Geometry as aov Btu<liiid. The reader wil 

with la monitniut and UDWajrnnliihle an luiimpltoD, neeiia some ilien 
tion. It i< but jatt to acknowledge, hoKorei', thst the sjeleoi of Eucli 
would be much Ibis objectionable, (u Mohtucli notices,) if the IQt 
Axiom, instead of being assumed in the threahold of the Elemenla. ha 
been assumed nfler Pno?. SSlb, of the litter pat of which it is, in fac 




nd therEfoK 
to B. But by Art. 158, as so is psisllel to EC, the side of the triangle 

Agun : — IriheKgmcnl m i> Ig the segment en sa the side i> to the 
side ac, then llis angle csr is ei|uiilly divided by the line an. 

Thi) is proved limilarly to Art. 164, as the other was proved limilarly 
to Akt. 163. 

NoT« XX. An instance of the utility of these ehangen upon four 
proporliiHuli may he seen in the rollowing iheomn. 

I/a right line parallel lo any tide of a triangle be draurn, and 
anDthtTfrom the vertex nflhe oppoiiie angle meeting the third tide 
and Iht parallel, then the lei/menli iff the third tide have the sane 
ratio to eaeh other at the legmenli of the parallel. 

In IhD trianglB lao tel oii bo pHUIel tu 

- —* •- >■ line from the yertei s » 

tbetwinHi-ando. Then / \ 

ingles DCS, lar, are equiar^uiar; and there. _/ 

fore, by Aht. 112, ir i* to no as nt to cs. A. 



meeliug is and ni In I 
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Consequently af is to dg as re to ge; hence, by Art. 171, af ia to fc ts 

DG to GE. 

By the help of Art. 1 72, we may prove that da is to the whole side 
BA as CR to the whole side bc ; for, by Art. 110, da is to db as kc to 
KB, and therefore da is to the sum of da and db as rc to the sum of rc 
and EB. 

By the help of Art. 171, we can 
show that in the equiangular triangles 
ABC, def, the sides about any angle 
in the one have the same ratio as the 
sides about the equal angle in the 
other. For, by Art. J112, ab is to 
DE as AC to df; — hence, by Art. 171, 

ab is to AC as DE to DF. 

Numberless other cases will occur to the mathematical student in 
which these Articles will be found extremely useful. 






tao cqiml parta (ae in PiiDn. IV. 



Corallarg, A i:DrolUi7 ia an immediate comeqneTice of a FroptrBitisn. 

Thxis our Section of Resulti is a Socdon of Corotlsrici. 
Buret . To bisect it to 

andV.) 
TriimK. To diviAe into three i^ml parU. 
Sealene Triangle, A irisngle is scalene vbea all otiti 
llBKeUl Do. All ieosceles Iriangle is tbat which ha 



(« 



t.i). 



Ei/uilateral Do. An cqnilateral triangle ia tliat which has tUl ilB lidci 
equal (ai in Art. 121). 

Equuinniilar Do, An equiiDgnUr triangle is that vhich ha all its angln 
Riual (u in AnT. 122). Two triangles are alio tiaid lo be equi- 
angular to each other, ohen Ilio three anglei of one are respectiTeli 
equal to the throo angl« of the othtr (ai in Art. IIS, &c). 

Equivalent Trianghi. Trianglcu (oc indeed any flgurei) ure said to be 
equiTilent, when thej ate equal la area (like those in Akti. 23. 
25, Sc). 

QitadnlateTal. A quadrilateral figure is a four-tided recliUneal Bgure 
(ai in A>T. 40). 

Trapeniim. A trnpciiuni is gdnerilly taken for a rectilineal figure of 
fotir tides, two onlj of vliich arc pamllcl (as the lig. idec. in 
Aht. 160). 

Polggon, A polygon is a many-BideJ rectilineal figure (as in Dft. IV.) ; 
and any riglji lino joining the vertices of any two of its angles, to 
u to ditide the figure into two pitrts, is considered as a diagonal of 
the polygon. It is called a regular er ordinate polygon, vhen all 
its sides are equals 

Sublejua. A subtenw ia a line which slrctches acroii an angle or arch ; 
(Bi the line rs in Vaot, VI., which strelchea across the angle 
roa, Dctlie arrli fdo, Is respectively the subtense of the tngle wco, 
or of the arch ron. Also the cinular line fdo is the subten« of 
the angle rco). A subtense is sud lo lublend its angle or arch. 

Hspotemue. An hypotenuse ia that side of a right-angled triangle which 
is oppudle to (or subtends) the right angle (u iu Abt. 47, tc is the 
hypotenuse at the triangle sac). 

Conleminaai. Conterminous magnitudes are such as have their lermina- 
tiooa cinneiding (as in Abt. 6, where ec and Bc, or id and id, are 
conterminous lines, the lerminalioOB of the two former coinciding in 
the point r, ihoee of the twn Ulter in the point d). 

In Unetutu, Magnitudes are said to be in directum (or in conlinuum) 
wbeo they form one r%ht or slnight magnitude (a> in Abt. 10, 
-' -- - nwithai.). 
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Ad absurdwn. A demonstration is sidd to be od absurdum (or ad tm* 
possibile) wben it is of the indirect kind (as in Arts. 5, 10, &c.) 
In this we demonstrate the truth of our own assertion, by demon- 
strating the absurdity which would follow from supposing it false. 

Perimeter. The perimeter of a figure is the line, or lines, which con- 
tain it 

Periphery. The circumference. 

Similar Segments of circles. Segments of circles are said to be similar 
when they contain equal angles (as in Art. 84, fig. 2, the s^ments 
ABB, CFD, are similar, because the angles arb, cfd, are equal). 

Antecedents and Consequents. In a series of four [proportional s, dit first 
and third are called antecedents : the second siiAfourUi consequents. 
Thus, in Art. 1 00, the lines ab and ef are the antecedents ; the 
lines CD and gh are the consequents. 

N'ote. A series of four proportionals is often marked in this way, viz. 
A : B : : c : d, — that is to say. As kistOBSoisctOD. A series 
of three proportionals is marked thus — a : b : c, i. e. As a is to b 
so is B to c. 

Homologous, means corresponding. Thus, in Art. 1 12, the angle abc 
is homologous to oep, the angle bac to Kor, and the angle acb to 
DFE. Thus also in a series of four proportionals, the antecedents are 
homologous to each other, as also the consequents. 

Similar Figures. Rectilineal figures are said to be similar, when the 
angles of the one are respectively equal to the angles of the other, 
and the sides about the equal angles proportional. Thus, in Art. 
112, or 118, the triangles abc, def, are similar. In similar figures 
the corresponding sides and angles are homologous. 




127 



A COMPARATIVE TABLE, 

Showing what Propositions and Corollaries in Euclid • correspond 
with the Articlrs and Problems in this Treatise. 



Art. Book I. 

(y \ correspond to 
Jjr Prop. IV. 

4 corresponds to V. 

5 . . . VI. 



6 



vni. 



8 • • • • 

9 . . XIII. 

10 . . XIV. 

11 . . . XV. 

\'2\ 

, 1 I correspond to 

[I J XXIX. 

15 corresponds to 

XXVII 

1 6 } correspond to 

1 7 S XXVIII. 

18 . . • . 
1.9 XXXIII. 

jj , I correspond to 
-^1 XXXIV. 

23 corresponds to 

XXXV. 

24 . XXXVI. 

25 ' . XXXVII. 
•2() . XXXVIII. 
27 . . XXXIX. 
*28 • • • . 
29 . . . . 
30 

31 • • XLI. 

,>j . • • • 

33 • • • . 

34 • • • 

35 Part 1, XXXII. 
3« • .XVI. 
37 Part 2, XXXII. 



Art. 

38 . . XVII. 

39 ... • 

40 a Case of Cor. 1. 

XXXII. 

41 . . XVIII. 

42 . . . XIX. 

43 . . XX. 

44 . . XXIV. 

45 . . XXV. 

46 . . XXVI. 

47 . . XLVII. 

48 • 

49 

Book III. 
50 Cor. Prop. I. 

517 correspond to 

52 J III. 

53 • . • . 
corresponds to II. 

Part 1, XVI. 

. XVIII. 

XIX. 

. Part 1, XV. 

correspond to 



54 
55 
56 
57 
58 
59) 

60 J XIV. 

61 corresponds to 

Part 2, XV. 
62^ 
63 
64 
65 
66 
67 
68, 

69 corresponds to 

XXII. I 

70 . . XXI. 

71 . . . XX. 



correspond to 
VII. and VIII. 



XXXI. 



Art. 

72 ^ 

7Q I correspond to 

74/ 

75 corresponds to 

XXXII. 

76 . . V. and VI. 

77 . . . X. 

78 • . • 

79 . . . . 

80 . XI. and XII. 

81 . . . 



82 

83 

84 

85 . 

86 

87 

88 

89 
90 
91 
92 . 
93 



XXVIII. 

XXIX. 
. XXVI. 

XXVII. 



Book II. 

1. 

. II. 

III. 

IV. 

• • 

Book VI. 
Cor. 1. 



94 

95 . • 

96 I correspond to 

97 S XIV. 

98 . . . . 

99 . . 

100 2 correspond to 

101 S XVI. 

102 I 

103 ( 

104 corresponds to I. 

105 • 

106 ) correspond to 

107 J XV. 



XVU. 



* R. Sim8ou*s is that referred to. 
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129 
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130 
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. 149 


V. 
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131 . 
132 
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151 
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112 corresponds to IV. 


133 • 
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152 . 


. • • 


113 
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134 
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153 
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114 . 
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135 
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154 . 
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115 


. VII 


136 
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Book III. 


116 . 


. XXIII. 


137 
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155 


XXXV. 


117 
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138 


. XXI. 
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. XXXVI. 


118 . 


XIX. 
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157 


. XXXVII. 
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140 


• • « 




Book VI. 


120} 


XXXIII. 
Book I. 


141 


Book III 


158 > 

. 159 r 
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121 


Cor. V. 


142 


. . IV 


. 160 • 


• . 


122 . 


VI. 


143 . 


IX. 


. 161 


• • . » 


123 
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144 


. Part 2, XVI 


. 162 • 
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125 . 


CoK. 1, XV. 
Cor. 2, XV. 


145 
146 


Cor. XVI 
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. 164$ 


III. 
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. Part 2, V. 




Book II 
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* The remaining Articles have no correspondent propositions in Euclid. 



THE END. 
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